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Duration of visit to critical set by Gaussian process

by O. Ditlevsen

Page 83, right column, line 9 from bottom: Replace X (t0) by X (t )

Page 84, left column, line 3 from top: Add the following text:

The probabilistic interpretation of (1) is as follows. Rewrite (1) as

ψ(0, s) =ψ(t , s)+ [−ψ,1(0, s)]t +o(t )

The left side is the probability of the event X (s) ∈ I (s), which is the union of the
two disjoint events ∀τ ∈ [s, s+t ] : X (τ) ∈ I (τ) and the event that there is at least one
outcrossing in the time interval [s, s+t ]. The first event has the probability ψ(t , s).
Therefore the second event must have the probability [−ψ,1(0, s)]t +o(t ). Assum-
ing that the stream of outcrossings is regular (i.e. nondense single outcrossings),
it follows that −ψ,1(0, s) is the mean outcrossing rate at time s.

Replace equation (15) by:

Cov[R(s),R(t )] = ρ(s−t )−ρ(s)ρ(t )−ρ′(s)ρ′(t )/λ2 (15)

Page 90, right column, line 16: Replace P (S) > 0,T > 0 | A) by P (S > 0,T > 0 | A)

Replace equation (II4) by:

P [T (r + s) > t − s |T (r + s − s) > s] =
P [T (r + s) > t − s |T (r + s −τ) > τ] (II4)

Page 92, right column, line 2: Replace Ref.33 by Ref.22
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The exact distribution of the duration of a visit of a stationary Gaussian process to an interval is 
not known except for processes with certain simple auto-dependence properties of Markov type. 
However, the exact mean is known without any restrictive dependence assumptions. 

Since the duration distribution, or, equivalently, the first outpassage time distribution, is needed 
in several engineering applications, there is an interest in making the necessary simplifying 
assumptions concerning the auto-dependence properties of the process. For smooth wide band 
processes comparisons with simulated results show that it improves the accuracy of the results 
considerably if a Markov type property, called 0-lag dependence of the first passage time, is 
imposed on the Slepian model process rather than if it is imposed directly on the original stationary 
process. The Slepian model process describes the distributional behaviour of the original 
stationary and ergodic Gaussian process after a crossing into the interval. 

The resulting duration distribution formulas involve multiple integrals and are therefore 
numerically complicated. For practical applications a simple three-parameter distribution family 
is suggested such that it possesses the exact mean. The three parameters may be estimated by fit to 
some few points obtained by numerical calculation of the multiple integrals. 

INTRODUCTION 

In spite of the fundamental importance of probabilistic 
first passage time problems in several engineering fields, 
exact solutions are only known for very few processes 6"26. 
The solution procedures depend strongly on Markov 
properties. In general the topic is mathematically difficult 
but rich of challenges to probabilists that try to prove 
asymptotic results 4'~ 3 However, asymptotic first passage 
time results, or equivalently, extreme value results are 
often not particularly relevant in engineering contexts 
usually due to the very slow convergence to the 
asymptote. Engineers are rather looking for approxi- 
mations to the actual distributions. Typically such 
approximations cannot be justified by pure mathematical 
reasoning except for possible bounding properties z4. For 
rigorous reasoning the topic seems to be premature. Most 
of the activity is therefore concentrated in engineering 
research environments that accept simulation as a tool of 
verification. 

Common to most of the published engineering models 
is that they at some step introduce a Markov type 
assumption that simplifies the problem sufficiently to 
reach a solution. Of course, the detection of a point as 
being the first passage point after zero requires an 
inspection of the entire sample path back to zero. An 
assumption by which the future is made dependent only 
on the present is therefore dramatic in its simplifying effect 
on the mathematics. 

The most extensive idealization in this direction seems 
to be represented by those models that let the process 
under study be approximated in scalar or vectorial form 
by the output of some linear system excited by white noise. 
This allows for an integral equation formulation of the 
first passage problem zS. Also the theory of diffusion 
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processes is applicable for such output processes. By this 
theory the probabilistic first passage problem is 
transformed into a problem of solving a parabolic partial 
differential equation. (Kolmogorov forward or backward 
equation, Fokker-Planck equation) with certain 
boundary and initial conditions 1'21'23'28. The major 
problem for general applicability of the method is to 
determine the linear system that to a reasonable degree 
reproduces the given process as output for white noise 
input, and which is simple enough for finding a solution 12. 

More directly, engineering approximations are often 
constructed by studying the properties of the point 
process of sample function crossings into or out of the 
relevant critical set. The sample functions may correspond 
to the process itself or to some continuous or discrete 
envelope process defined on the process. The envelope 
approach aims at representing clusters of crossings of the 
process by a single crossing of the envelope. The studies 
rest in most cases on the fundamental work of S.O. 
RicC s, and its generalizations concerning expected 
numbers of crossings. Trying to preserve its most 
characteristic properties, the point process is in different 
ways by different writers simplified to a level that allows 
for calculating first passage time results 2'11'x7'3°'31"32' 
34,35,36. For Gaussian processes it is common to these 
approximations that the results solely depend on some 
few spectral moments. 

A third type of engineering approach is originating 
from a study of the principle of inclusion-exclusion series 
also due to S.O. Rice is. This principle is somewhat 
difficult to work with because of bad convergence 
properties. In spite of that it leads to useful upper and 
lower bounds on the first passage probabilities 14'~s'~9' 
20.24.29. These bounds have the weakness of loosing 
narrowness for increasing time. However, the principle of 
inclusion-exclusion series also motivates an integral 



equation model based on the joint density of occurrence 
of crossings at two different points in time16. Numerically 
the method is somewhat complicated. In return it has for 
Gaussian processes the advantage over the formulas that 
solely use some few spectral moments (say, 20, 22, 24) that 
the entire correlation structure is taken into account in the 
solution. This increases its ability of reproducing details of 
the empirical distribution or density functions obtained 
by simulation. These details may reflect correlation 
properties that do not affect the spectral moments 20 , 22 , 
and 24. 

Most of the aforementioned references specifically 
consider Gaussian narrow band processes that represent 
random vibrations of lightly dampled linear oscillators 
excited by wide band Gaussian processes. Several 
more references of this type are given by Vanmarcke in 
Ref. 33. If the process under consideration cannot be 
characterized as a narrow band process or as a linear 
superposition of some few narrow band processes, most of 
the methods based on envelope concepts become less 
effective. 

Wide band processes with smooth sample functions are 
relevant model tools for several natural processes studied 
in scientific fields like hydrology and meteorology. Such 
processes have engineering relevance, for example as 
models of load processes on structures. Some indications 
of civil- and/or mechanical engineering applications of 
visit duration distributions for smooth wide band 
processes may be illustrative: 

Fatigue from wind induced vibrations. A wind- 
exposed elastic bar may show a behaviour where it 
vibrates strongly within a sequence of disjoint random 
time intervals, while only weak vibrations occur between 
these successive intervals. This behaviour is due to the 
vortex shedding and the turbulent nature of the wind. It is 
a form of the so-called 'lock-in' phenomenon caused by 
the coupling between the movements of the bar and the 
surrounding velocity field. A simplified model is 
formulated in Ref. 9: For each natural frequency of the bar 
there is a critical wind velocity interval of a width that 
depends on the mechanical damping of the bar. Whenever 
the wind velocity in front of the bar crosses into the 
interval, damped harmonic vibrations start up from rest. 
The vibrations stop abruptly when the velocity crosses 
out of the interval again. A suitably defined random 
velocity process defines a distribution of the duration of a 
visit to the critical interval. This distribution and the mean 
number of incrossings to the interval determine the 
expected accumulated damage during a given time under 
the adoption of a linear accumulation law such as the 
Palmgren-Miner rule. 

Crack openings in reinforced concrete. For prestressed 
reinforced concrete structures subjected to varying loads 
in corrosive environments it is of interest to evaluate the 
duration of periods with open cracks through which the 
reinforcement may be exposed. The mechanics of such 
crack problems are difficult and can only be handled after 
extensive idealizations. In place of this focus may in 
practice be directed against tensile stresses (negative 
stresses). Assuming that the materials of the structure 
behave linearly elastic, the stresses may be calculated at 
any given surface point. If the stress variation at this point 
is modelled as a sample curve of a stationary random 
process, the relevant design information is the 
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distribution of the durations of t he ensemble of connected 
stress excursions below zero. This tensile stress criterion 
for possibly getting cracks that are dangerous with respect 
to corrosion of the reinforcement may only be relevant for 
the quasi-statically acting and slowly varying part of the 
load. 

Low temperature effects on material properties. Some 
materials have a narrow temperature interval of 
transition of a property like the fracture toughness from a 
low value at low temperatures to a high value at normal 
working temperatures. If this interval of transition can be 
reasonably idealized as a single point of jump of the 
toughness, the durations of the excursions of the 
temperature below this point is of obvious relevance for 
the evaluation of the probability of fracture in the material 
during a given time of operation. 

Strength of  materials. The random variation of the 
cross-section strength of a bar in tension as function of t he 
position of the cross-section may be modelled as a 
realization of a random process. For a given tensile force 
the probability of no yield or fracture is equal to the 
probability that the strength realization everywhere along 
the bar is above the tension force. This probability is 
directly related to the distribution of the length of an 
excursion of the strength process above the force level. 

For a brittle material body a general random field 
model may be adopted for the spatial strength variation 
across the body. If the largest imposed tension stress (or 
some other relevant stress parameter) at any point of the 
body is larger than the realization of the random strength 
field, the body is supposed to have suffered brittle fracture. 
For certain examples and under simplifying assumptions 
it is possible to calculate approximate values of the 
fracture probability as function of the stress level and the 
geometrical dimensions of the body by use of related 
scalar process excursion duration distributions (7). This 
type of modelling is a generalization of the well-known 
Weibull theory of size effect on the strength of brittle 
material bodies. The Weibull theory may be considered to 
give asymptotic results corresponding to an abstract 
idealization of the strength field such that there is 
stochastic independence between the strengths of 
arbitrary disjoint subbodies of the body. (Alternatively 
the Weibull theory may be based on the concept of 
mutually independent fracture generating defect points 
which are distributed in accordance with a random point 
field). This assumption of independence is relaxed by 
considering the strength variation to be a realization of a 
random field with smooth sample functions. The 
correlation structure of this field provides geometrical 
length scales of direct relevance to the size effect on the 
strength. 

First outcrossing probabilities 
Let ~,(t0,r ) be the probability that the process X(to) is 

inside a critical interval I(t)=[a(t),b(t)] during a time 
interval of length to starting at the time instant r. Assume 
that this probability is nonzero for any finite to and as 
function of (to,r) possesses suitable continuity and 
differentiability properties. 

It follows heuristically by probabilistic interpretation 
of the terms in the Taylor expansion 

~(t, s) = 4(0, s) + ~.1 (0, s)t + o(t) (1) 
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that - ~,,a(0, s) is the outcrossing intensity at time s while 
-¢ , . ~ (0 ,  s)/~,(0, s) is the conditional outcrossing intensity 
given that X(s)eI(s). 

The ratio ~,(t, r)/~(O, r) is the conditional probability 
that the first outpassage time T(r) after the time instant r is 
larger than t given that T(r)>0, i.e., 

@(t, r) 1 -- Fr(r)(t ) 

~h(O, r) 1 - Fr(,,(O) 
(2) 

in which Fr(,)(t) is the distribution function of T(r). Note 
that T(r) = 0 with probability 1 - ~b(0, r) and 1 - Fr(,)(O) = 
P[X(r)~I(r)]. 

Define a function H(t, r) by the identity 

qJ(o, r) 0(O,s) ds (3) 

The factor H(t, r) simply corrects a model which assumes 
that the points of outcrossings from the critical interval is 
a realization of an inhomogeneous Poisson process with 
intensity - ~h,1 (O,s)/~h(O,s). 

Equation (3) shows that H(0 , r )= l  and after 
differentiation with respect to t that H ~(0,r)=0. Thus 
~O(t, r) may possibly be well determined for small values of 
t by setting H(t, r) - 1. Several examples of simulations of 
sample functions of wide band Gaussian processes 
crossing constant or variable levels show a surprisingly 
good fit not just for small t but in the entire range of values 
of ~h(t, r) between zero and one (7). Particularly the fit 
improves in quality the more smooth the sample curves 
are (i.e., the smaller the second spectral moment is, given 
that the process has unit variance) and for increasing 
levels, given that the levels are considered for first 
upcrossing. 

However, essential deviations are observed for larger 
negative levels also for small second spectral moments 
and for all levels for large second spectral moments (i.e., 
for large variances of the derivative process). 

As presented herein the method of obtaining 
approximations to first passage time distributions is valid 
for stationary and ergodic Gaussian processes and for any 
time invariant critical interval. It is based on the use of a 
so-called Slepian model process (13). This is a non- 
Gaussian and nonstationary process that gives a complete 
distributional description of the behaviour of the original 
ergodic Gaussian process after an arbitrary incrossing 
into the critical interval. By using equation (3) with 
H ( t , r ) - I  on this process an explicit formula for the 
distribution function of the duration of an arbitrary visit 
to the critical interval is obtained. The formula involves 
multiple integrals of rather complicated functions that 
take the entire correlation structure into account. Results 
of numerical integrations show a good fit to the empirical 
distribution functions of Ref. 7 obtained by simulation of 
wide band Gaussian processes including most of those for 
which equation (3) with H ( t , r ) -  1 shows a bad fit. 

Visit duration probabilities 
While T(r) is the first outpassage time after time instant 

r, the duration of a visit starting at r will be denoted by T,. 
By elementary considerations it is shown in Appendix I 
that the distribution function Fr,(t) of the visit duration is 

related to the function ~O(t, r) by the equation 

I//,1 (t, r) -- ~/,2 (t, r) 
I -- Fr,(t) = ~h. 1(0, r ) -  ~h.2 (0, r) (4) 

Setting H(t, r) - 1 in equation (3) and substituting into the 
right side of equation (4) gives 

I f ' + '  ~b.l(0's) ds ] 1 - FT,(t)= exp ~,(0, s) (5) 

This distribution function may be taken as an 
approximation to the distribution function of T,. By use of 
the derivative of equation (2) with respect to t, equation (5} 
may alternatively be written as 

(6) 

in which fr(s)(0 + ) is the derivative from right of Fr(~(t) at 
t=0.  This probability density fr(s)(0+) is directly 
identified as the mean outcrossing rate of the process at s, 
while 1--FT(~)(0)=ff(0,s) is the probability that the 
process is inside the critical interval at s. 

For a stationary process X(t) and a time-invariant 
critical interval [a, b], q/(t, r) is independent of r, and hence 
(writing T, as T) 

- F r ( t )  = Ip'l (t, O) 1 (7) 

from which it follows that 

••0• 0• • •••• 0• 
EET] = J o  [1-Fr0)]  dt 

-~.,(0,0) 
Fx(b) -  r x ( a ) -  ~(oo, O) 

v+~ + v; 
(8) 

where Fx is the marginal distribution function of the 
process and v~, v~ are the mean upcrossing rates of level a 
and b respectively. For an ergodic process the probability 
~h(~, 0) is obviously either 0 or 1. The case ~h(oo, 13) = 1 is 
trivial, however, because then T= oo with probability 1. 
Equation (8) with ~O(~,0)=0 is a well known result (3 
p. 229). 

The corresponding distribution of 7" is the exponential 
distribution 

(9) 

given that ~h(~, 0)= 0. It is seen that 

EET] =EET] (lO) 

The Slepian model process 
In this paragraph the simplest type of Slepian model 

process is presented in a theorem without proofs. Proofs 
may be found in Ref. 13 in terms of the theory of marked 
crossings. An illustrative heuristic presentation is given in 
Ref. 10. From the point of view of 'horizontal window 
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conditioning' this concept of model process was first 
introduced by Slepian (27). Several mathematical and 
engineering applications of Slepian model processes have 
been demonstrated by Lindgren (13). 

Let X(t) be a separable, stationary ~nd ergodic normal 
process with zero mean, unit variance, and correlation 
function p(t)= Cov[X(0), X(t)]. Assume that the process 
is mean square differentiable and has continuous sample 
paths and that the (n+ 2)-dimensional normal vector 
(X(O),X'(O),X(sl) . . . . .  X(s,)) for all different nonzero 
sl . . . . .  s, has a nonsingular distribution. Sufficient 
conditions for this in terms of the correlation function are 
given in Refs 4 and 13. 

Theorem. Let . . . t_ l  <to<~O<tl < . . . < t k < . . .  be 
the sequence of upcrossings of level u by the process X. 
Then the empirical distributions of the observed values 

(X(tk +Sl),X(tk +S2) ..... X(tk +S.)) (11) 

corresponding to all k such that tk ~ ]0, T] and any fixed 
nonzero s~ . . . . .  s, converge for T---* vo to the distribution 
of 

(X.(s,), X.(s2) . . . . .  X.(s.)) (12) 

where X.(t) is the Slepian model process 

X.(t ) = up(t) - Z p' (0/ £ 2 + R (t ) (13) 

Here 2 2 = -p"(0) is the second spectral moment, Z is a 
random variable with Rayleigh density 

z F z 2 -1 
fz(Z)=~2 exPL-~/~2 ], z > 0  (14) 

while R(t) is a nonstationary normal process (residual 
process) independent of Z, with mean zero and covariance 
function 

CovER(s), R(t)] = p(s - t ) -  p(s)p(t)- p'(t)/)~2 (15) 

It is noted that if there is a z > 0 such that p(t) = 0 for t > z, 
then R(t) has the same covariance function as X(t) for all 
S,t>T. 

An interesting consequence of this theorem is that the 
empirical distribution of the derivative X' (t k) at the points 
of upcrossings of level u for tke]0, T] converges to the 
distribution of the derivative at zero of the Slepian model 
process 

X',(O) = Z + R' (0) (16) 

for T--* ~ .  Since EER'(0)] = 0 and 

~2 
Var[R' (0)] = [ ~ - ~  CovER (s), R(t)]]$= t= 0 

= p"(O)--p'(O)p'(O)--p"(O)p"(O)/22= 0 

(17) 

R'(0) may be removed in equation 16. This shows that the 
emprical distribution of the derivative X'(tk) at the points 
of u-upcrossings is given by the Rayleigh density in 
equation (14). This is at first glance a surprising result 
since intuition points at the truncated normal density 
2~(z/~2~2)/x//~2, z>0,  for the distribution of the 
derivative X'(t) at the u-upcrossings. That the intuition 
fails shows that there is an essential difference between 
sampling (X(t), X' (t)) at fixed time instants and sampling 
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X'(t) at the instants where X(t)= u even though X(t) and 
X'(t) are mutually independent and both normally 
distributed. Ref. 10 provides a graphical illustration that 
guides the intuition. 

Application of equation (6) on the Slepian model process 
Consider a time-invariant critical interval of the form 

[a, oo] and let X(t) be the stationary and ergodic normal 
process of last section. The distribution of the duration T 
of a visit to the interval, i.e., of an arbitrary excursion 
above level a, is identical with the distribution of the time 
to first downcrossing of level a by the Slepian model 
process Xa(t ). 

It may be expected that the 0-lag independence model 
(Appendix II) works well for the Slepian process for 
suitably small time values r after the upcrossing of level a. 
This is because the sample curves for given slope Z at the 
upcrossings are almost deterministic between 0 and r for r 
small. Therefore the conditioning event T(r-s)>s,  
O<<.s<~r, in the left side of (II. 1) is almost the same as the 
conditioning event T(r)> 0 for small r. 

Equation (6) may be used with r =  0 in two different 
ways on the Slepian model process leading to two non- 
identical results. Adopting the 0-lag independence model 
for Xa(t) itself gives 

[ ; o  ~x(slz)fz(z)dz ] 
1 - F T ( t ) = e x  p - ~o O[fl(slz)]fz(Z)dz ds (18) 

while the 0-lag independence model for the conditional 
process Xa(t) given Z by use of the unconditioning 
formula 

1 - Fr ( t  ) = [1 - Fr(tlz)]fz(z) dz (19) 

gives 

1-F~Itt= Jo exp[-JoO~l]  ds] £(z/dz 
(20)~ 

in which O(-) is the standardized normal distribution 
function. The notations T and T are used in order to 
distinguish from 7" in equation 9 =, which corresponds to 
the 0-lag independence model for the process X(t) itself. 
The function x(s[z) is the mean downcrossing rate of level 
zero at time s by the Gaussian 'safety' margin process, 
equation 13, 

M(tlz)=Xa(t)-a 

=ap(t)-zp'(t)/22+R(t)-a (21) 

(Appendix III). The function fl(slz) is the 'reliability index' 
function 

#(slz) = E[M(slz)] 
D[M(slz)] (22)  

The generalizations of equations (18) and (20) to an 
interval of the form [a, b] are given in Appendix IV. 

It follows from equation (21) and the remark following 
after the theorem on the Slepian model process that if 
there is a z > 0 such that p(t) = 0 for t > z then x(s[z) and 
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fl(slz) are constants for s > z  and equal to the values 
obtained for the stationary process X(t) itself. Thus for 
both equation (18) and equation (20) with F being the 
distribution function of Tor T: 

1 - F(t) = exp t ~> z (23) 
i l - F ( z )  

in which E[T] is given by equation (8) with ~(~ ,0 )=0 .  
The following holds for T as well as for T. Generally 

E[ T] is different from E[ T].~Therefore a correction of the 
distribution function approximation Fr(t ) to Fr(t) may be 
needed. Assuming that the approximation is best for small 
values of t one way of correcting for mean value is simply 
to determine ~ such that 

E[T] = [1 -FT( t )  ] exp[~t/E[T]] dt (24) 

and then use the distribution function 

[1 - F r (t)] exp[ctt/E[ T]] t25) 

as an approximation to 1-Fr(t) .  This correction 
preserves the property of exponential decay as given by 
equation (23) except for scaling, i.e., the right side of 
equation (23) is replaced by exp[ - (1 - ct)(t - z)/E[T]] for 
t/> r when p(t) = 0 for t > z. Adoption of the exponential 
tail for t~>z is equivalent to adoption of the r-lag 
independence model as applied to the process X(t) itself. 

The following section shows comparisons of empirical 
distribution functions from Ref. 7 with results of the 
numerical computations of the right sides of equations 
(18) and (20). For the considered examples the two 
formulas deviate at most on the third decimal place. The 
results are in some of the considered examples in obvious 
conflict with equation (24) for ~ = 0. The correction for 
mean value is made in another slightly different way than 
suggested by equations (24) and (25). 

Comparison with simulation results for 'broken line" 
processes 

The Gaussian process simulations considered in Ref. 7 
are approximations constructed by superposition of a 
finite number of 'simple broken-line processes'. Following 
Ref. 8 an example of a simple broken-line process is 
defined by 

 I'o l X(t)= X~e - + 2 - ( i + Y )  (26) 
i=1  

for t ¢ [0, (n - 2)a], where a is some positive constant. Here 
X1 . . . . .  X, are identically distributed and mutually 
independent zero mean random variables while Y is a 
random variable independent of X1 . . . . .  X, and 
uniformly distributed on the interval [0,1[. The 
'interpolation function' e(t) is defined by 

l 
0 for t ~ < - I  

l + t  f o r - l ~ < t ~ < 0  
e(t) = 

l - t  for 0~<t~<l 

0 fpr l~<t 

(27) 

0 1 

Correlation funct ion 

Fig. 1 Simulated sample curve of stationary normal 
process with expectation O, standard deviation 1 and 
correlation function given by equation 31, (m, q)= (15, 0.9). 
22 = 52.44. Sample statistics of Figs 2, 3, and 4 correspond 
to single simulated sample function 

Given that the common variance of X1, . . . ,  X, is 1, the 
covariance function of this stationary process is 

{ [1 -¼t2(2 - t ) ]  for0~<t~<l 

r(t)= ~ (2 - t )  3 for l~<t~<2 (28) 

0 for 2~<t 

A broken-line process that approximates a stationary 
Gaussian process X(t) of zero mean and unit variance is 
next defined by 

X(t) = aiXl (29) 
i = l  

in which Xl(t) , . . . ,Xm(t)  are mutually independent 
simple broken-line processes of type as in equation (26) 
with Gaussian distributed Xa . . . . .  X,. The positive 
constants tr~ . . . .  , a,, are chosen such that 

~ =-3 t30) 
i=1  2 

The simulations in Ref. 7 correspond to choices of the 
positive constants a 1 . . . . .  a,, such that ai+l/ai=some 
constant q~< 1 and 2al = 1. Furthermore al . . . . .  tr,. are 
chosen such that (tri+~/trl)2=q, which by equation (28) 
implies that a~=(1-q) / (1-qm) .  Thus the process is 
completely given by specifying m and q. It has the 
correlation function 

i= 1 \ a i /  

with r(t) defined by equation (28). Fig. 1 shows a piece of a 
sample function for m=  15 and q=0.9 while Fig. 5 
corresponds to m= 10 and q=0.7. The dots in Figs 2 
through 4 and 6 through 8 represent the numerical results 
computed by use of equation 18 or equation 20. It is seen 
that the increase of the second spectral moment 22 = 
-p"(O) from 22 = ~52 for (re, q)=(15,0.9) to 22= ~297 
for (m, q)= (10, 0.7) has a dramatic effect on the shape of 
the empirical distribution functions for the same crossing 
level a. Of course, the larger 22 the more violently the 
sample functions are fluctuating resulting in a larger 
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turns out to be suitable for this purpose. The parameters 
A, B, C, ct<fl are nonnegative numbers such that 
A + B + C = 1. The last term in equation (32) is included in 
the family because then equation (32) for the special case 
A = B---0 coincides with a well-known exact asymptotic 
result of S. O. Rice for the distribution of the duration of 
an excursion above a high level (4 p. 274). By requiring 
that the expectation is E[ T], one of the parameters will be 
eliminated. This elimination is done in two steps as 
explained in the following. 

Since the correlation function p(t) vanishes for large t, 
equation (18) asymptotically gives an exponentially 
decaying tail proportional to e x p [ - t / E [ T ] ]  for large t, 
equation (23). Therefore it is reasonable first to put 
~t = 1/E[T] and determine the three parameters A, B, and 
fl by fitting equation (32) to a suitable set of points 
calculated by equation (18) noting that the first term of 
equation (32) dominates for large t. An indispensable 
check of the suitability of the choice of this set of points is 
that the resulting fit has fl > 1/E[T]. Next correction for 
mean value is obtained by solely changing the exponent of 

+ 

Eqs. 18 or 20 

Corrections of • 
by Eqs. 32 and 33 
to exact E£T] .  Eq.8 

.a 

I 

1 

Fig. 2 Distribution of duration T from upcrossino to next 
downcrossin9 of level a = 2 of process in Fig. 1. Step curves 
correspond to simulated sample function and symmetrical 
levels. E[T] =0.146 (equation (8)), sample estimates of 
E[T]: 0.150, 0.158, sample size N=266. Equation 32: 
A =0.480, B=O, C=0.520, ~= 1/E[T] 

number of short duration visits above the level relative to 
the total number of visits above the level. 

The exponential curve corresponding to equation (9) or 
to equation (23) for z = 0 is shown in all the figures. For 
t >/z = 1 all the dot points are given by equation (23). Both in 
Fig. 4 and in Figs 7, 8 the dots fall below this curve. 
Therefore equation (24) with ct = 0 is not satisfied since 
crossing of the exponential curve cannot take place for 
t >  1. However, the shapes of the curves of the dots 
resemble the empirical curves to such a degree that a 
simple fit by use of a suitable distribution family of this 
shape and with correct expected value E[T] may work 
satisfactorily. As it may be expected from the properties of 
the Slepian model process, equation (18) for small t fits the 
empirical results well. Therefore the correction for 
expectation should be less perceptible for small values of t 
than for large values of t. The mixed four-parameter 
distribution type 

1 - F ( t )  = A e - ~  + B e  -~'  + C exp - ~ (32) 

Ref. 7 

Ref. 7 

( - t /EET])  

1 

Fig. 3 Distribution of duration T from upcrossing to next 
downcrossing of level a = 0 of process in Fig. 1. Step curves 
correspond to simulated sample function and symmetrical 
levels. E[T] =0.434 (equation (8)), sample estimates of 
E[T]: 0.458, 0.434, sample size N= 1999. Equation 32: 
A=0.880, B=O, C=0.120, ~= I/E[T] 
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0.2 

Ref. 7 ,i II 

exp(-!tEtT]) 

Fig. 4 Distribution of duration T from upcrossin9 to next 
downcrossin9 of level a = - 2  of process in Fi9. 1. Step 
curves correspond to simulated sample function and 
symmetrical levels. E[T]=6.26 (equation (8)), sample 
estimates of E[T]: 6.15, 6.47, sample size N=266. 
Equation 32: A=0.924, B=0.064, C=0.012, ot=O.150, 

= 7.53 

Ref. 7 

~(- t lErT] )  

Fi9.6 Distribution of duration T from upcrossing to next 
downcrossing of level a = 1.5 of process in Fig. 5. Step 
curves correspond to simulated sample function and 
symmetrical levels. E[T] =0.0750 (equation (8)), sample 
estimates ore[T]:  0.0708, 0.0810, sample size N=313. 
Equation 32: A=0.517, B=0.483, C=O, c~=10.93, 
~=17.3 

0 t 
Correlation function 

Fig. 5 Simulated sample curve of stationary normal 
process with expectation O, standard deviation 1 and 
correlation function given by equation 31, (m, q) = (10, 0.7). 
22 = 297.4. Sample statistics of Figs 6, 7, and 8 correspond 
to single simulated sample function 

the first term in equation (32) from ~ = 1/E[T] to 

ct = (33) 
/A + 7"] - 8 

where A, B, fl are the parameter values of the fit. It follows 
from equation (32) that this change has only small 
influence for small values of t as was desired. 

The applied fitting procedure should in a reasonable 
way take into account the arbitrary choice of the values 
t 1 < t 2 < ... < t,_ 1 of t for which the integral of equation 
(18) is calculated. Such a procedure is suggested by the 
standard Z 2 minimum method of best fit in statistics and is 
explained in Appendix V. 

This fitting technique is applied to the sets of points 
displayed as dots in the figures as shown. After obtaining 
the optimal values of A, BI and fl the expectation 
correction of • defined by equation (33) is calculated 
giving the points marked by + in the figures. These points 
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Eqs. 18 or 20 

Corrections of • 
by Eqs. 32 and 33 
to exact EI~T] , Eq,8 

e x p ( - t l E r T ] )  - -  

Ref.  7 - -  

exp (-t IE rT] ) - - - -~  

Ref. 7 -------x . ~  Jr • 

Fig. 7 Distribution of duration T from upcrossing to next 
downcrossing of level a =0 of process in Fig. 5. Step curves 
correspond to simulated sample function and symmetrical 
levels. E[T] =0.182 (equation (8)), sample estimates of 
E[T]: 0.181, 0.183, sample size N=999. Equation 32: 
A=0.67, B=0.33, C =O, ~= 3.94, fl=27.5 

Fig. 8 Distribution of duration T from upcrossing to next 
downcrossing of level a = - 1.5 of process in Fig. 5. Step 
curves correspond to simulated sample function and 
symmetrical levels. E[T]= I.047 (equation (8)), sample 
estimates of E[T]: 1.073, 1.129, sample size N=302. 
Equation 32: A=0.563, B=0.437, C=O, ot=0.552, 
fl = 16.0 

are seen to fit remarkably  well with the empirical 
d is t r ibut ion funct ions in all figures. 

Besides the exponent ia l  curve, exp[ - t /E[T]] ,  the 
figures show one or two more  curves. These are members  
of a fitting family of dis t r ibut ions dealt with in Ref. 7. They 
have no relevance in this work. 
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APPENDIX I RELATION BETWEEN 
DISTRIBUTIONS OF VISIT D U R A T I O N  AND 
FIRST OUTPASSAGE TIME 
Let X(t) be a random process with continuous sample 

functions, and let I(t) be a closed interval with boundaries 
Of(t) depending continuously on t. Assume that 
e[x( t )  ~ c~I(t)] = 0 for any given t where P[ .  ] denotes the 
probability measure. Consider the time instant t = r and 
let A be the event {X(rj~I(r)}. Finally, let S be the time 
from last incrossing of X into 1=  {(t, x)]x~ I(t)} before 
t = r, Fig. 9, and let T be the time to first outcrossing of X 
out of I after t = r. For any given 6 > 0, t > 0 we then have 
the trivial equations 

P(S <~6, T>tIA)+ P(S>6, T>tIA)=P(S>O, T >tIA) 

(I.1) 

P(S <~ fIA )= P(S > O, T > OIA ) -  P(S > 8, T >  01A) 

ti.2) 

between conditional probabilities. It is used in the 
formulation of (I.1) that P(S>>. O, T> tlA)= P{S> 0, T >  
tlA) and of (I.2) that 1 = P ( S ) > 0 ,  T>01A), P(S>6[A)= 
P(S> 6, T> 0]A). Thus 

P(S~6, T>t ,A)  
P(T>tlS <~f,A)= 

P(S<~f,A) 

P(S > 0, T > t , A ) - P ( S > 5 ,  T>t ,A)  
-P(S>O, T > O , A ) - P ( S > f ,  T>O,A) 

(I.3) 

which may be written as 

~b(t,r)-¢(t +6, r - 6 )  
P(T > tIS <~ 6, A)= (I.4) 

~k(O,r)--¢(6, r - 6 )  

in which ~(t, r) is the same function as in equation (1), i.e., 

t~(s+t,r-s)=P(S> s, T>t ,A)=P(S> s, T >t) 

(I.5) 

where the last equality follows from {S>s, T > t } c  
[ T > t } = A  which, in turn, is a consequence of the 
continuity assumptions. If X(r)¢l(r), the first passage 
time is defined as T= 0. Thus T= 0 if and only i fX(r)¢ l(r) 
(except for a set of probability zero). 

The left side of (I.4) is the probability that T>t  given 
that the last incrossing before or at t = r occurs not further 
to the left of r than the distance 6. If the right side of 0.4) 
approaches a limit for 6---* 0, this limit may therefore be 
written as 1 - FT,(t), where Fr, is the distribution function 
of the duration T, of a visit to I starting at r. This is the so- 
called horizontal window definition (4,13) of the 
conditional probability that T >  t given that there is an 
incrossing into I at the origin r of the first passage time T. 

Assuming the ~, has the necessary differentiability 
properties, the limit of the right side of (I.4) is determined 

-a l ( r )  

T 

r 6 

I 

~ | e  curve 

P 
trine- clxi$ 

Fi 9 9 Visit to interval by random process. Duration oJ 
visit = S + T 
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by the l’Hospita1 rule giving equation (4). Since $(t,r)= 
1 - FT&), in which F,(,, is the distribution function of the 
first outpassage time T(r) after time instant I, equation (4) 
may be written in the form 

J&)(t)-y 

1 -F$) = 
j&,(0+)-~ 

(1.6) 

in which fT(,) is the defect density function of T(r). This 
constitutes the relation between the distributions of the 
duration time T, and the first passage time T(r). The 
expectation E[ T,] is obtained by integration of (1.6) from 0 
to c/3: 

EL?] = 
“I 

fT,,,(O++,.dO) 
using that 

s 
0m f&) dt + P[X(r)4 Z(r)] + +(m, r) = 1 

(1.7) 

(I-8) 

and assuming that +(oo, r) = 0. The particular value 
j&(0+) of th e e ect density at zero is the expected d f 
number of outcrossings of X out of I per unit time (the 
outcrossing rate) at the time instant r. 

For a stationary and ergodic process and a constant 
interval Z(t)= [a, b], (1.6) and (1.7) give 

f 
T(r) 

(t)= P[X(rW(r)l 
E[T] P -W)l 

I 
(1.9) 

This well-known result follows directly from a fundamental 
relation in renewal theory (3). It has been used in first 
passage time simulation studies observing T, in place of 
T(r) (5,7). 

APPENDIX II THE T-LAG INDEPENDENCE 
MODEL 

The following definition introduces a concept of ‘lack of 
memory’ of T(r) about the behaviour of the process 
further back in time than a given time lag T. 

Dejnition: For any given r2 0 the first passage time 
random variable T(r) is said to be ‘r-lag independent of 
the past’ if it has the property 

P[T(r)>rlT(r-s)>s]=P[T(r)>tlT(r--)>r] 

(11.1) 

Remark: It can be shown that the partial derivative 
-+,l(~,~-e) is th e so-called mean c-outcrossing rate at 
timesoftheprocessXoutofZ(13).Given&>Othesample 
function x(t) is said to have an &-outcrossing out of Z at s if 
x(t)EZ for all I E]S-c,s[, and, for all q> 0, x(t)+1 for 
some t E IS, s + q-[. For the stationary case a proof is given 
in Ref. 10. 

for all t>O and all sbr. 
The consequences of this definition will be investigated 

without actually knowing a Gaussian process for which 
such T(r) can be defined. 

Since {T(r)>t}c{T(r)>s}c{T(r)>O} for 06sbt it 
follows trivially that 

P[T(r)>tlT(r)>O]= 

P[T(r)>tlT(r)>s]P[T(r)>slT(r)>O] (11.2) Fig. 10. First passage time T(r) after r 

where 

P[T(r)>tlT(r)>s]= 

P[T(r+s)>t-slT(r)>s] (11.3) 

Assume that T(r) for any r is r-lag independent of the 
past. Then the right side of (11.3) may be put to 

P[T(r)>r-slT(r+s-s)>s]= 

P[T(r)>t-slT(r+s-T)>T] (11.4) 

for all t 2 s 2 7. Thus (11.2) becomes 

P[T(r)>t] =P[T(r+s-s)>t-s+r] P[T(r)>s] 

P[T(r)> 01 P[T(r+s-t)>t] PCT(r)> 01 

(11.5) 

or by use of the function I,+ 

t&r) +(t-s+r,r+s--r) 
----= 
$(s, r) $(z,r+s-T) ’ 

r6sft (11.6) 

Partial differentiation of (11.6) with respect to r followed 
by setting t = s gives the differential equation 

~I)=$,lkr+s-~) 
II/(hr) Wr+s-T) ’ 

S2? (11.7) 

with the unique solution 

W 4 r+‘-T 
-- 

bW, r) -exp ti,l(?S) ds 

4w7 s) 1 
(11.8) 

for t Z 7. 
It is easy to check that this expression is a solution to 

(11.6). This implies that if (11.8) is satisfied then T(r) is T-lag 
independent of the past for any r. Under the assumption 
that Ic/,1 exists and is continuous, the solution is also 
unique. From (11.8) it may be proved that if T(r) is r-lag 
independent of the past and ~~ 2 T, then T(r) is also 
~~ -lag independent of the past. 
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By substitution of @(t, r )= 1 -Fr(rl(t) in (II.8) it may be 
written as 

f f+ ' - '  fT(~)(r) • 7 1 - Fr(,)(t) = exp - os/ ,  
1-Fr(r)(z) 1-Fr(~(r)  J 

t>~r 

(II.9) 

Differentiation of (I1.8) with respect to r and using (11.7) 
show that d/(t,r)/~,(r,r) equals the ratio of 1 - F r f l )  to 
1-Fr , ( r )  as given by equation (4). Thus the r-lag 
independence model implies that 

1 -Fr(,~(t) = 1 -Fr,(t) t>~z (II.10) 
1 -Fr(,)(r) 1-Fr , (z) '  

By comparison of (I1.8) with equation (3) it is seen that 
(11.8) and (II.9) for r = 0 is the same as equation (3) with 
H(t, r) = 1. Only for r = 0 it is possible to determine the 
integrand in (11.9) by analytical methods from the 
properties of the process X. However, in the stationary 
case with time invariant interval (11.9) shows that the z-lag 
independence model implies that 1 - Fr(,)(t ) and 1 - Fr,(t) 
decay exponentially for t/> r. This consequence of the r- 
lag independence assumption may be taken into account 
as guidance for a reasonable choice of distribution 
function families for fitting to empirical results. A further 
restriction of the choice is, of course, that the exact mean 
value is known by equation (8) in terms of properties of the 
process X. An example is given in Ref. 9. For the 
stationary case and with r = 0, (II.9) arts (II.10) reproduce 
the exact expectation of T, as given by equation (8). 

It is noted that the 0-lag independence model 
corresponds to a Markov type assumption. A 

corresponding model has been applied with success on 
hydrological sequences in Ref. 33. 

APPENDIX III MEAN CROSSING RATES 

The mean downcrossing rate v+ .~ _ of level zero at time t of 
any sufficiently regular Gaussian 'safety margin process' 
M is a standard result (18) which may be written in the 
form (using the dot notation for the time derivative and 
omitting (t)) 

v+ ~_ = ~ b ( f l ) ~ x / l [  ] -p[M,_~4] 2 [~b(0)-0¢(-0)]  

(III.l) 

in which q~(0)=dO(0)/d0 is the standardized normal 
density function, 

0 = E[lf41M = O] f l ' -  p[M, 1~4]fl 
D[MIM = O] - x/1 "p[M, /Q]2  

(III.2) 

is the conditional reliability index of )k/given that M = 0 
while 

p[M,~l] DIM] 
= D[A~/] 

(Ili.3) 

is the correlation coefficient between M and M, and 

ElM] . ,  E[&/] 
f l = n [ M ] '  P = D - ~  (III.4) 

are the reliability indices of M and M respectively. The 
variance of M is the mixed derivative of Cov[M(s), M(t)] 
at the 'diagonal' s = t. 

APPENDIX IV GENERALIZATION OF EQUATIONS (18) AND (20) TO AN INTERVAL [a,b] 

For a time invariant critical interval [a, b], equation (18) is replaced by 

v+ ( f '  I~[G'"(SlZ)+~:b'~(SlZ)]fz(z)dz 1 
1-FAt)=v+ +v; eXp - " L do fo c {1 --*[--fla,a(S[Z)]--*[--flb,a(SlZ)]}.b(z)dz 

v~ I fo S~[~C-b'-btSlz)+~:-"'-btSlz)]fz(z)dz 1 
+v~ + + v ~ - ~  exp - I~ { 1 - O [ ~ ~ ~ ) ~ f z (  z)dzds 

(IV.l) 

in which ,+ + ~,,, v b are the same as in equation (8), while 

fl , , ,  E[M.,.(slz)] 
a,a{,SlZ J ":- ~ , 

E[Mb,.(slz)] 
flb'~(S{Z ) = D[ M b.Aslz )] 

(IV.2) 

of the Gaussian *margin are the 'reliability indices' 
processes' 

ma.a(tJz)=ap(t)-zp'(t)/22+R(t)-a (IV.3) 

Mb,~(tlz) = -- ap(t) + zp' (0/22 -- R(t) + b (IV.4) 

respectively. Further x~,~(slz) and ~:b,.(slz) are the mean 
downcrossing rates of level zero at s by M.,.(sfz) and 

Mb.~(stz) respectively. The quantities in the second 
integral have the same form as (IV.2) to OVA) with - b in 
place of a and - a  in place of b. The corresponding 
generalization of equation (20) follows from equation 
(IV.l) by obvious changes exactly as the changes of 
equation (18) to obtain equation (20), i.e., by the 
'commutation' 

' ~ . . . d z  o~ 

(IV.5) 
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APPENDIX V ;(2 M I N I M U M  METHOD OF 
BEST FIT 

Let F(t;fi) be a distribution function family witt 
parameter set ~. Assume that a sample of size N is drawr 
from one of the populations of this family and that tht 
interval [q_l,t i[ contains vi values of this sample, 
t o = 0 < t l <  . . . < t , _ l < t . = ~ .  Then the ;(2 minimum 
method of estimating the unkown parameter set /~ 
corresponding to the sample consists in calculating that 
value of/~ that minimizes the sum over all i=  1 ..... n 
of [vi-Npi([t)]2/[Np,~)] in which p,([z)=F(ti;[t)- 
F(ti-1 ;ft). 

Let 1 - G(t) be the right side of equation (18). Since G(t) 
is a distribution function, the integer part vl of N[G(t l ) -  
G(ti_ 1)] may be interpreted as the number of observed 
values in the interval [t j_ 1, t~[ of a hypothetical sample of 
size v 1 + . . .  + v,. In spite of the fact that this hypothetical 
sample is not drawn from a population within the 
distribution family F(t: fi), it seems reasonable to set up an 
approximation principle that states that fi should be 

Gaussian process: Ore Ditlevsen 

determined such that it minimizes the sum 

{ [G(t i ) -  G(ti-1 )] - [F(ti: f t ) -  F(t i_1 : fi)] } 2 
2., i=1 F(ti, f i ) -  F(ti- i ; fi) 

= ~ [G(ti)-G(ti- t)]2 - I  (V.1) 
i=1 F(ti," f i ) -  F(ti- i ; fi) 

One might even use the technique of the zZ-test to 
determine the equivalent sample size N by which the zero 
hypothesis is rejected corresponding to any specified 
significance level. The zero hypothesis is here that the 
hypothetical sample is drawn from the population with 
distribution function F(t; fi) corresponding to the optimal 
choice of/~. The ;(2-value to be used in the test is N times 
the value of(V.1) and the number of degrees of freedom of 
the relevant ;(2-distribution is n - I -dim(/]) where dim(fi) 
is the number of parameters in/~. The result of such an 
investigation may be taken as a measure of the goodness 
of the approximation of the distribution function G(t) by 
the distribution function F(t;fi). This philosophy is 
analogous with the philosophy behind testing 
mathematical generators of pseudo-random numbers. 
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Abstract

Probabilities of excursions of random processes and fields into critical domains are of fundamental interest

in many civil engineering decision problems. Examples are reliability evaluations of structures subject to

random load processes, the influence of the size of a structural element on the carrying capacity of the

element when the local material properties vary as a random field over the element, evaluation of the risk

of floods or draughts in connection with river and reservoir management, etc. Only for some very few special

cases of process and field models it is possible to obtain exact results for such probabilities. However, due

to the engineering importance of the problem, several approximate assessment methods have been suggested

in the past. The suitability and accuracy of each of these methods depends on the type of process or field

under consideration. Often recourse must be taken to time consuming simulation procedures. This paper

revives a conceptually simple approach that gives surprisingly good results in particular for wide band types

of random processes and fields. The principle of the method is published in the papers (?, ?) together with

applications to various simple scalar process examples. However, the potential generalization properties of

the method have never been properly pointed out except in a dissertation of limited circulation (?). The

generalization concerns vector processes and fields. The derivation made in this paper is simpler and more

elegant than that used in the dissertation. The closed form formulas obtained for smooth Gaussian fields

over rectangles contain size effects both with respect to the area of the rectangle and the side lengths of the

rectangle. Published rupture stress data for plain concrete beams illustrate the applicability of the derived

closed form extreme value distributions as models for distributions of rupture stresses related to weakest link

mechanisms.

Probability approximation for extreme values

Let X(t) be a random process and let u(t) be a non-random function. The probability
ψ(s, t) = P{∀τ ∈ [t, t + s ] : X(τ) < u(τ)} is the object of evaluation based on approx-
imate reasoning. Assume that ψ(s, t) is never zero. Then the function c(r, s, t) defined
by

ψ(r + s, t− r) = c(r, s, t)ψ(r, t− r)ψ(s, t) (1)

is a measure of the dependence between the events {∀τ ∈ [t − r, t ] : X(τ) < u(τ)} and
{∀τ ∈ [t, t + s ] : X(τ) < u(τ)}. It is seen that c(r, 0, t) = c(0, s, t) = 1/ψ(0, t). By a
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simple change of variables in (1) we get the equation

ψ(s, t) = c(r, s− r, t+ r)ψ(r, t)ψ(s− r, t+ r) (2)

and thus

ψ,1(s, t) = c(r, s−r, t+r)ψ(r, t)ψ,1(s−r, t+r)+c,2(r, s−r, t+r)ψ(r, t)ψ(s−r, t+r) (3)

from which the equation

ψ,1(s, t)

ψ(s, t)
=
ψ,1(0, t+ s)

ψ(0, t+ s)
+ ψ(0, t+ s)c,2(s, 0, t+ s) (4)

is obtained by the limit passage r → s. This equation shows that c,2(0, 0, t) = 0. Integra-
tion gives

ψ(s, t) = ψ(0, t) exp
(∫ t+s

t

ψ,1(0, τ)

ψ(0, τ)
dτ

)
H(s, t) (5)

where H(s, t) = exp
(∫ s

0
ψ(0, t + s)c,2(s, 0, t + s) ds

)
has the properties H(0, t) = 1 and

H,1(0, t) = 0. Thus H(s, t) may be considered as a correction factor. Simulations show
that this correction factor is often of minor importance. In the following the approximation
H(s, t) ≡ 1 will be used. Since

ψ(s, t) = P [X(t) < u(t), X(t+ s) < u(t+ s)] + o(s), lim
s↓0

o(s)

s
= 0 (6)

under general regularity conditions, it is seen that

ψ,1(0, t) =
∂

∂s
P [X(t) < u(t), X(t+ s) < u(t+ s)]s=0 =

∂

∂s
{P [X(t) < u(t)]− P [X(t) < u(t), X(t+ s) ≥ u(t+ s)]}s=0 = −ν(t) (7)

where ν(t) is the upcrossing rate of the process X through the level u at time t. By substi-
tution into (5) we thus get the result

P{∀τ∈[t, t+s ]:X(τ)<u(τ)} ≈ P [X(t)<u(t)] exp
(
−

∫ t+s

t

ν(τ)

P [X(τ)<u(τ)]
dτ

)
(8)

For high levels (i.e. ∀t : P [X(t) < u(t)] ≈ 1) this result corresponds to the result ob-
tained by assuming the the stream of upcrossings is an inhomogeneous Poisson process
with intensity ν(t).

The following consideration generalizes the result (8) to the problem of assessing the prob-
ability P{∀τ ∈ [t, t + s ] : X1(τ) < u1(τ), . . . , Xn(τ) < un(τ)} where X1(t), . . . , Xn(t)
are n possibly jointly dependent processes, and u1(t), . . . , un(t) are non-random functions.
Let the n processes together possess the property that for any t the probability is o(h) to
get the event {Xi(ti) = ui(ti)} ∩ {Xj(tj) = uj(tj)} where t < ti, tj < t + h. Given that
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a crossing of process Xi through level ui occurs at time t, then this crossing is relevant for
the problem if and only if Xj(t) < uj(t) for all j �= i. Thus the relevant crossing rate
contribution from process Xi at time t is νi(t)P [∀j �= i : Xj(t) < uj(t) |Xi(t) = ui(t)]
where νi(t) is the unthinned crossing rate of Xi through level ui. Thus (8) gives

P [∀τ ∈ [t, t+ s ]∀i ∈ {1, . . . , n} : Xi(τ) < ui(τ)]

≈ P [X1(t) < u1(t), . . . , Xn(t) < un(t)]

· exp
(
−

∫ t+s

t

∑n
i=1 νi(τ)P [∀j �= i : Xj(t) < uj(t) |Xi(t) = ui(t)]

P{X1(τ) < u1(τ), . . . , Xn(τ) < un(τ)}
dτ

)
(9)

A step further is the problem of assessing the probability P{∀(τ1, τ2) ∈ [t1, t1 + s1 ] ×
[t2, t2 +s2 ] : X(τ1, τ2) < u(τ1, τ2)} whereX(t1, t2) is a random field over R2 and u(τ1, τ2)
is a suitably regular function of two variables. According to the principle of (5) with h ≡ 0
we have

P{∀(τ1, τ2) ∈ [t1, t1 + s1 ]× [t2, t2 + s2 ] : X(τ1, τ2) < u(τ1, τ2)}
≈ P{∀τ2 ∈ [t2, t2 + s2 ] : X(t1, τ2) < u(t1, τ2)}

exp
(∫ t1+s1

t1

lim
h↓0

P{∀τ2∈[t2, t2+s2 ]:X(τ1, τ2)<u(τ1, τ2),X(τ1+h, τ2)<u(τ1+h, τ2)}
hP{∀τ2∈[t2, t2+s2 ]:X(τ1, τ2)<u(τ1, τ2)}

dτ1

)

(10)

The following results are obtained by use of the previous formulas: Assume that X(s, t)
is a homogeneous Gaussian random field of mean 0, variance 1, and twice differentiable
correlation function Cov[X(0, 0), X(s, t)] = ρ(s, t). Then for constant u(s, t) = u:

P{∀(τ1, τ2) ∈ [0, s ]× [0, t ] : X(τ1, τ2) < u}

≈ Φ(u) exp
{
− ϕ(u)

2πΦ(u)

[
(γ1s+ γ2t)

√
2π +

(
u+

ϕ(u)

Φ(u)

)
γ1γ2st

]}
(11)

where γ1 =
√
−ρ,11(0, 0), γ2 =

√
−ρ,22(0, 0). Assume that X(s, t) is a Gaussian random

field of mean 0, variance 1, which is homogeneous in the direction of s and has a twice
differentiable correlation function of the form Cov[X(0, τ), X(s, τ + t)] = ρ1(s)ρ2(t, τ).
Then for u(s, t) = u(t) = constant in the direction of s, one obtains

P{∀(τ1, τ2) ∈ [0, s ]× [0, t ] : X(τ1, τ2) < u(τ2)} ≈ Φ[u(0)] exp
(
−γ1s

ϕ[u(0)]√
2πΦ[u(0)]

)
·

exp
{∫ t

0

[
−γ2(τ)ϕ

(u′(τ)
γ2(τ)

)
+u′(τ)Φ

(
−u

′(τ)

γ2(τ)

)]ϕ[u(τ)]

Φ[u(τ)]

[
1+γ1s

(ϕ[u(τ)]

Φ[u(τ)]
+u(τ)

)]
dτ

}

(12)

where γ1 =
√
−ρ ′′1 (0), γ2(τ) =

√
−ρ2,11(0, τ). The above results have all been com-

pared to simulation estimates of the considered probabilities for wide band types of smooth
Gaussian processes and fields (?). For such processes the formulas give quite good results.
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Application to plain concrete rupture stress data

A series of test results for bending rupture of plain concrete beams of square cross-section
and four different widths b = 6, 9, 12, 18 inches is published in (?) as test series I. The beam
span was three times the beam width. Each beam was simply supported and subject to equal
loads at the third points, uniformly distributed over the width of the beam. Corresponding to
the load at rupture the rupture stress was defined as the maximal tension stress calculated
from simple beam theory with linear stress variation over the cross-section. Thus this
maximal tension stress is constant within the b × b square of the beam surface between
the two vertical planes of the loads. Assuming that brittle fracture starts out from a point
of this square, a statistical size effect on the rupture stress will be observed only if there
is a random variation of the tensile strength over the square. Since the test results show
a clear size effect it is plausible to assume that the tensile strength in the direction of the
beam axis can be modeled as the sum of a random strength, constant over the square, and a
homogeneous random field of zero mean. In the following statistical analysis it is assumed
that the random field is a suitably smooth Gaussian field. Such smoothness is consistent
with the assumption that a small crack only will develop into a fast growing large crack if
some local average of a possibly strongly fluctuating micro stress field exceeds a critical
local value defined by the smooth Gaussian field.

There is evidence in the data that a random variable should be added to the random field.
In fact, each set of four beams of different size were cast as companions from the same
concrete mix. This introduces correlation between the rupture stresses for the different
sized beams. From the data (test series I) correlation coefficients as large as 0.90 to 0.95 are
estimated. This phenomenon can be modeled by a hierarchical model of the form Zi = µ+
Y +σminXi(s, t), where µ, σ are constants, Z1, Z2, Z3, Z4 are the random rupture stresses
for the four beam sizes, respectively, Xi(s, t) are the random fields of zero mean and unit
standard deviation all assumed to be isotropic with the same correlation length parameter γ,
mutually independent and independent of the random variable Y . The minimum is taken
over the square of maximal tension stress. It follows that Var[Y ] = Cov[Zi, Zj] for all
i �= j. Estimating from the data gives the standard deviation D[Y ] ≈ 69 psi.

Thus E[Z1] − E[Z2] = [f(3; γ) − f(2; γ)]σ, E[Z1] − E[Z3] = [f(4; γ) − f(2; γ)]σ,
E[Z1] − E[Z4] = [f(6; γ) − f(2; γ)]σ, where f(2; γ), f(3; γ), f(4; γ), and f(6; γ) are
the expectations of the maximum of the Gaussian field over squares of side length b =
6, 9, 12, 18 in, respectively. By eliminating σ the two equations

E[Y1]−E[Y3]

E[Y1]−E[Y2]
=
f(4; γ)−f(2; γ)

f(3; γ)−f(2; γ)
,
E[Y1]−E[Y4]

E[Y1]−E[Y2]
=
f(6; γ)−f(2; γ)

f(3; γ)−f(2; γ)
(13)

are obtained. With the left hand sides assigned values that are consistent with the model,
these two equations are identical, of course. If the mean values are replaced by the averages
of the observations there are no solutions because the left hand sides of both equations turn
out to be smaller than the minimal values of the right hand sides. These minimal values are
taken for both expressions almost at the same value of γ well approximated by the value
γ = 1.00 in−1. By using a principle of making the smallest possible additive corrections to
the averages in the left hand sides (in the sense of suitably weighted Euclidian distance) to
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satisfy the equations for γ = 1.00 in−1, corrections of the order of the statistical uncertainty
of the average estimates are obtained. In fact, the estimates are corrected from the averages
650, 592, 572, 550 psi to the estimates E[Z1] ≈ 640, E[Z2] ≈ 600, E[Z3] ≈ 575, E[Z4] ≈
542 psi, respectively. Thereafter the estimates of σ ≈ 108 psi and µ ≈ 874 psi are readily
obtained from the previous equations.

The distribution functions shown in Fig. 1 (left) are obtained for Z1, Z2, Z3, Z4 by a convo-
lution operation assuming that the X is Gaussian and that −minXi(s, t) = maxXi(s, t)
has the distribution function (11) with γ1 = γ2 = γ from which the expectations f(2; γ),
f(3; γ), f(4; γ),f(6; γ) were obtained by integration from 0 to ∞ with respect to u. It is
seen that a quite good fit is obtained by the proposed random field model. Interestingly,
the test beams were cast from pavement concrete using a medium grade 1-in max sized
manufactured aggregate, that is, with a maximal aggregate size approximately equal to the
correlation length γ−1 obtained from the rupture stress data.

Lindner and Sprague have also made a second test series on the basis of the same concrete
mix recipe. This series II solely consists of b = 6 and 9 in wide beams in companions
of four beams, two of each size and of length 3b. For each set of companion beams and
for each beam width a test with two equal loads at the third points and a test with central
loading was made. In the case of third point loading the same distribution of the rupture
stress as in test series I should apply. In Fig. 1 (right, top) the empirical distributions for
third point loading are plotted together with the corresponding distribution functions from
Fig. 1 (left). It is seen that the size effect prediction holds in the mean. However, whatever is
the reason, for the 9 in beams the standard deviation of the empirical results is considerably
smaller than for the 9 in beams in test series I.

To compare the obtained field model with the test results for central loading the formula
(10) is applied with u(τ) = (Y − 2xτ/L)/σ for 0 ≤ τ ≤ L/2 and u(τ) = (Y − 2x(L −
τ)/L)/σ for ≤ L/2 ≤ L where L = 3b. For γ2(τ) = γ1 = γ this gives the conditional
distribution function

FZ(x |Y ) ≈ 1− Φ(ξ)
(Φ(ξ)

Φ(η)

)A
exp

(
−γb(1 + A)

ϕ(ξ)√
2πΦ(ξ)

)
(14)

A =
3bγ

η − ξϕ
(2(η − ξ)

3bγ

)
− 2Φ

(
−2(η − ξ)

3bγ

)
, ξ =

Y − x
σ

, η =
Y

σ
(15)

The comparison with the data is made in Fig. 1 (right, bottom). The full curves correspond
to the parameters estimated from test series I. The mean size effect is very well predicted
and for the case of the 6 in beams also the distribution function fits fairly well. As for the
third point loading case, the standard deviation of the data sample for the 9 in beams is
considerably smaller than predicted. The dotted curves are obtained by setting the variance
of the random variable part Y of the rupture strength field to zero, keeping the values of all
other parameters as before. As it should be expected this has negligible influence on the
mean size effect, while the standard deviation is decreased. The estimate of the variance of
Y obtained directly from series II is not zero, but somewhat smaller than that of series I.
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Figure 1: Left four diagrams: Field model distribution functions of rupture stress for third
point loading fitted to the shown series I data distributions. Right four diagrams: Distri-
bution functions (full curves) for both third point loading and center point loading for the
same parameter values as in the left four diagrams compared to the series II data distribu-
tions. The dashed curves are for the variance set to zero of the random variable part of the
field model and all other parameter values kept unchanged.
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Abstract

To find the exact probability distribution of the global maximum or minimum of a random field within a bounded domain is a pending

problem even for Gaussian fields. Except for very special examples of fields, recourse must be taken to approximate reasoning or asymptotic

considerations to be judged with respect to accuracy by simulations. In this paper, the problem is addressed through a functional equation that

leads to the definition of a class of distribution functions that depend solely on process or field characteristics and domain quantities that can

be calculated explicitly. This distribution function class is studied for Gaussian processes in earlier works by the author and it has been

obtained explicitly for Gaussian fields on rectangular domains in the plane. Simulation studies show that rather good predictions are obtained

for sufficiently smooth wide band Gaussian processes and fields. In this paper, the distribution function is obtained in general for Gaussian

fields over arbitrary bounded domains with piecewise continuous and differentiable boundaries, and as in earlier works the distribution

function is tested against empirical distribution functions obtained by simulation of sample functions of a smooth approximately Gaussian

field, herein called a broken line Hino field. For completeness this particular field type is defined in Appendices A and B. The paper concludes

with a statistical application on data for plain concrete tensile strength.

q 2004 Elsevier Ltd. All rights reserved.

Keywords: Broken line field; Crossings and extremes in random fields; Concrete tensile strength; Gaussian fields; Global extremes; Probability approximation

for extreme values; Random fields; Size effect

1. Introduction

Probabilities of excursions of random processes and

fields into critical domains are of fundamental interest in

many engineering decision problems. Examples are

reliability evaluations of structures subject to random load

processes, the influence of the size of a structural element on

the carrying capacity of the element when the local material

properties vary as a random field over the element,

evaluation of the risk of floods or droughts in connection

with river and reservoir management, etc.

Only for some very few special cases of process and field

models it is possible to obtain exact results for such

probabilities. However, due to the engineering importance

of the problem, several approximate assessment methods

have been suggested in the past. The suitability and

accuracy of each of these methods depend on the type

of process or field under consideration. Often recourse must

be taken to time consuming simulation procedures.

This paper revives a conceptually simple approach that

gives surprisingly good results in particular for wide band

types of random processes and fields. The principle of the

method is published in Refs. [1,2] together with applications

to various simple scalar process examples. However, the

potential generalization properties of the approximation

method have never been properly pointed out except in a

dissertation of limited circulation [3]. The generalization

concerns vector processes and fields. The derivation made

in the present paper is simpler and more elegant than that

used in the dissertation. Moreover, the domain was, in

Ref. [3], restricted to be rectangular. The original contri-

bution of this paper is the derivation of a solution for an

arbitrary bounded domain in the plane. The closed form

formulas obtained for smooth Gaussian fields contain size

effects both with respect to the area of the domain and the

length of the boundary of the domain.
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Published rupture stress data for plain concrete beams

illustrate the applicability of the derived closed form

extreme value distributions as models for distributions of

rupture stresses related to weakest link mechanisms.

2. Probability approximation for global extremes

Let XðtÞ be a random process and let uðtÞ be a non-

random function. The probability

cðs; tÞ ¼ P{;t [ ½t; t þ s� : XðtÞ , uðtÞ}

is the object of evaluation based on approximate reasoning. Assume

that cðs; tÞ is never zero. Then, the function cðr; s; tÞ defined by

cðr þ s; t 2 rÞ ¼ cðr; s; tÞcðr; t 2 rÞcðs; tÞ ð1Þ

is a measure of the dependence between the events

{;t [ ½t 2 r; t� : XðtÞ , uðtÞ} and {;t [ ½t; t þ s� : XðtÞ

, uðtÞ}

It is seen that

cðr; 0; tÞ ¼ cð0; s; tÞ ¼ 1=cð0; tÞ

By a simple change of variables in Eq. (1) we get the equation

cðs; tÞ ¼ cðr; s 2 r; t þ rÞcðr; tÞcðs 2 r; t þ rÞ ð2Þ

and thus

c;1ðs; tÞ ¼ cðr; s 2 r; t þ rÞcðr; tÞc;1ðs 2 r; t þ rÞ

þ c;2ðr; s 2 r; t þ rÞcðr; tÞcðs 2 r; t þ rÞ
ð3Þ

from which the equation

c;1ðs; tÞ

cðs; tÞ
¼

c;1ð0; t þ sÞ

cð0; t þ sÞ
þ cð0; t þ sÞc;2ðs; 0; t þ sÞ ð4Þ

is obtained by the limit passage r ! s: This equation shows that

c;2ð0; 0; tÞ ¼ 0: Integration gives

cðs; tÞ ¼ cð0; tÞexp
ðtþs

t

c;1ð0; tÞ

cð0; tÞ
dt

� �
Hðs; tÞ ð5Þ

where

Hðs; tÞ ¼ exp
ðs

0
cð0; t þ sÞc;2ðs; 0; t þ sÞds

� �
has the properties Hð0; tÞ ¼ 1 and H;1ð0; tÞ ¼ 0: Thus, Hðs; tÞ

may be considered as a correction factor. Simulations show that

this correction factor is often of minor importance. In the

following, the approximation Hðs; tÞ; 1 will be used. In other

words, the function cðs; tÞ is redefined to

cðs; tÞ ¼cð0; tÞexp
ðtþs

t

c;1ð0;tÞ

cð0;tÞ
dt

� �
ð6Þ

and interpreted as an approximation to the probability P{;t[
½t; tþ s� :XðtÞ, uðtÞ} which is asymptotically correct as

s # 0: Moreover c;1ðs; tÞ is asymptotically correct as s # 0 if

c;1ð0; tÞ– 0: Since

P{;t[ ½2t; t� :XðtÞ, uðtÞ}¼P{;t[ ½2t; t� :Xð2tÞ

, uð2tÞ} ð7Þ

a consistency test of the approximation can be made by letting
~cðs; tÞ be the approximation to the probability P{;t[
½t; tþ s� :Xð2tÞ, uð2tÞ}: Clearly ~cð0;tÞ ¼cð0;2tÞ and
~cðs;tÞ ¼cðs;2t2 sÞ, from which it follows that

~cð2t;2tÞ ¼ ~cð0;2tÞexp
ðt

2t

~c;1ð0;tÞ

~cð0;tÞ
dt

 !

¼cð0; tÞexp
ðt

2t

c;1ð0;2tÞ2c;2ð0;2tÞ

cð0;2tÞ
dt

� �

¼cð0; tÞexp
ðt

2t

c;1ð0;tÞ

cð0;tÞ
dt2

ðt

2t

c;2ð0;tÞ

cð0;tÞ
dt

� �

¼cð2t;2tÞ

proving the consistency with Eq. (7).

Under general regularity conditions cðs; tÞ can be

expressed as

cðs; tÞ ¼ P½XðtÞ , uðtÞ;Xðt þ sÞ , uðt þ sÞ� þ oðsÞ;

lim
s#0

oðsÞ

s
¼ 0

ð8Þ

from which it follows that

c;1ð0; tÞ ¼
›

›s
P½XðtÞ , uðtÞ;Xðt þ sÞ , uðt þ sÞ�s¼0

¼
›

›s
{P½XðtÞ , uðtÞ�2 P½XðtÞ , uðtÞ;Xðt þ sÞ

$ uðt þ sÞ�}s¼0 ¼ 2nðtÞ ð9Þ

where nðtÞ is the upcrossing rate of the process X through the

level u at time t:By substitution into Eq. (6) we thus get the result

P{;t [ ½t; t þ s� : XðtÞ , uðtÞ} < P½XðtÞ

, uðtÞ�exp 2
ðtþs

t

nðtÞ

P½XðtÞ , uðtÞ�
dt

� �
ð10Þ

For high levels (i.e. ;t : P½XðtÞ , uðtÞ� < 1) this result corre-

sponds to the result obtained by assuming the stream of upcrossings

is an inhomogeneous Poisson process with intensity nðtÞ:

Example. Let XðtÞ be a differentiable stationary Gaussian

process of zero mean, unit standard deviation and

correlation function rðtÞ: According to Rice’s formula

the mean upcrossing rate is

nðtÞ ¼
w½uðtÞ�

g

ð1

0
_xw

_x þ _uðtÞ

g

� �
d_x

¼ gw½uðtÞ� w
_uðtÞ

g

� �
2

_uðtÞ

g
F 2

_uðtÞ

g

� �� �
ð11Þ
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where g ¼
ffiffiffiffiffiffiffiffiffi
2r00ð0Þ

p
, and w(·), F(·) are the standard normal

density function and distribution function respectively. In

particular, consider the example uðtÞ ¼ at þ b; where a and

b are constants. Then, nðtÞ ¼ akwðat þ bÞ; where k ¼

ðg=aÞwða=gÞ2Fð2a=gÞ: Hereafter Eq. (10) gives

P{;t [ ½t; t þ s� : XðtÞ , atþ b}

<

Fðat þ bÞ1þk

Fðat þ b þ asÞk
for a – 0

FðbÞexp 2
wðbÞ

FðbÞ
gs

� �
for a ¼ 0

8>>><
>>>:

ð12Þ

3. Generalization to random fields

The following consideration generalizes the result (10) to

the problem of assessing the probability

P{;t [ ½t; t þ s� : X1ðtÞ , u1ðtÞ;…;XnðtÞ , unðtÞ}

where X1ðtÞ;…;XnðtÞ are n possibly jointly dependent

processes, and u1ðtÞ;…; unðtÞ are non-random functions.

Let the n processes together possess the property that for

any t the probability is oðhÞ to get the event

{XiðtiÞ ¼ uiðtiÞ} > {XjðtjÞ ¼ ujðtjÞ}

where t , ti; tj , t þ h: Given that an upcrossing of

process Xi through level ui occurs at time t; then

this upcrossing is relevant for the problem if and only

if XjðtÞ , ujðtÞ for all j – i: Thus, the point process

of upcrossings of Xi through level ui with mean

upcrossing rate niðtÞ at time t is thinned to the point

process of relevant upcrossings by the thinning prob-

ability P½;j – i : XjðtÞ , ujðtÞlXiðtÞ ¼ uiðtÞ�; that is, the

relevant upcrossing rate contribution from process Xi at

time t is

niðtÞP½;j – i : XjðtÞ , ujðtÞlXiðtÞ ¼ uiðtÞ�

Consequently Eq. (10) gets the form

P½;t[½t;tþs�;i[{1;…;n}:XiðtÞ,uiðtÞ�

<P½X1ðtÞ,u1ðtÞ;…;XnðtÞ,unðtÞ�

	exp 2
ðtþs

t

Xn

i¼1

niðtÞP½;j–i:XjðtÞ,ujðtÞlXiðtÞ¼uiðtÞ�

P{X1ðtÞ,u1ðtÞ;…;XnðtÞ,unðtÞ}
dt

0
BBBB@

1
CCCCA

ð13Þ

A step further is the problem of assessing the

probability

P½;ðt1;t2Þ[V,R2:Xðt1;t2Þ,uðt1;t2Þ�

where Xðt1;t2Þ is a random field over R2 and uðt1;t2Þ is

a suitably regular function of two variables. Let V be of

the form V¼{ðt1;t2Þ: t1[½a;b�; t2[½f ðt1Þ;gðt1Þ�} where

f ðt1Þ and gðt1Þ are piecewise continuous and differenti-

able functions for which f ðt1Þ#gðt1Þ everywhere in the

interval ½a;b�: In this case, the approximation function

(6) becomes

According to Eq. (13), the numerator in the integrand in

Eq. (14) can be approximated by

›

›t

 
ðIðf 0 $ 0ÞP½Xðt1; f ðt1ÞÞ

, uðt1; f ðt1ÞÞ�þ Iðf 0 , 0ÞP½Xðt1 þ t; f ðt1ÞÞ

, uðt1 þ t; f ðt1ÞÞ�Þexp

(
2

"
Iðf 0 $ 0;g0 $ 0Þ

	

 ðfþf 0t

f
þ
ðg

fþf 0t
þ
ðgþg0t

g

!
þ Iðf 0 $ 0;g0 , 0Þ

	

 ðfþf 0t

f
þ
ðgþg0t

fþf 0t
þ
ðg

gþg0t

!
þ Iðf 0 , 0;g0 $ 0Þ

	

 ðf

fþf 0t
þ
ðg

f
þ
ðgþg0t

g

!
þ Iðf 0 , 0;g0 , 0Þ

	

 ðf

fþf 0t
þ
ðgþg0t

f
þ
ðg

gþg0t

!#

	ð½ndðt1;t2ÞP½Xðt1 þ t;t2Þ, uðt1 þ t;t2ÞlXðt1;t2Þ

¼ uðt1;t2Þ�þndðt1 þh;t2ÞP½Xðt1;t2Þ

, uðt1;t2ÞlXðt1 þ t;t2Þ ¼ uðt1 þh;t2Þ��=P½Xðt1;t2Þ

, uðt1;t2Þ;Xðt1 þ t;t2Þ, uðt1 þ t;t2Þ�Þdt2

)!
t¼0

ð15Þ

where f ¼ f ðt1Þ; f 0 ¼ f 0ðt1Þ; g¼ gðt1Þ; g0 ¼ g0ðt1Þ; and

where ndðt1;t2Þ is the mean upcrossing rate through

uðt1;t2Þ in the integration path direction d at uðt1;t2Þ: Ið·Þ

is the indicator function that picks out the relevant

integration strip type. The mean upcrossing rates depend

on the actual integration strip type. For the first strip type

P{;t1 [ ½a; b�;t2 [ ½f ðt1Þ; gðt1Þ� : Xðt1; t2Þ , uðt1; t2Þ} < P{;t2 [ ½f ðaÞ; gðaÞ� : Xða; t2Þ , uða; t2Þ}

	 exp
ðb

a

›

›t
P{;t2 [ ½f ðt1Þ; gðt1Þ� : Xðt1; t2Þ , uðt1; t2Þ;Xðt1 þ t; t2Þ , uðt1 þ t; t2Þ}t¼0

P{;t2 [ ½f ðt1Þ; gðt1Þ� : Xðt1; t2Þ , ðt1; t2Þ}
dt1

0
B@

1
CA ð14Þ
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in Fig. 1, ndðt1;t2Þ is enhanced by the factor
ffiffiffiffiffiffiffiffiffi
1þg0 2

p
=g0

in the interval ½g;gþg0t�; and ndðt1 þ t;t2Þ is enhanced by

the factor
ffiffiffiffiffiffiffiffiffi
1þ f 0 2

p
=f 0 in the interval ½f ; f þ f 0t�: For the

second strip type, ndðt1 þ t;t2Þ is enhanced by the factorffiffiffiffiffiffiffiffiffi
1þ f 0 2

p
=f 0 in the interval ½f ; f þ f 0t� and by the factorffiffiffiffiffiffiffiffiffi

1þg0 2
p

=lg0l in the interval ½gþg0t;g�: For the third strip

type, ndðt1;t2Þ is enhanced by the factor
ffiffiffiffiffiffiffiffiffi
1þ f 0 2

p
=lf 0l in

the interval ½f þ f 0t; f � and by the factor
ffiffiffiffiffiffiffiffiffi
1þg0 2

p
=lg0l in the

interval ½gþg0t;g�: For the fourth strip type, ndðt1;t2Þ is

enhanced by the factor
ffiffiffiffiffiffiffiffiffi
1þ f 0 2

p
=lf 0l in the interval ½f þ

f 0t; f � and ndðt1 þ t;t2Þ is enhanced by the factorffiffiffiffiffiffiffiffiffi
1þg0 2

p
=lg0l in the interval ½gþg0t;g�:

Similarly the denominator and the first factor in Eq. (14)

becomes approximated by

P{;t2 [ ½f ðt1Þ; gðt1Þ� : Xðt1; t2Þ , uðt1; t2Þ}

< P½Xðt1; f ðt1ÞÞ , uðt1; f ðt1ÞÞ�

	 exp 2
ðgðt1Þ

f ðt1Þ

n2ðt1; t2Þ

P½Xðt1; t2 , uðt1; t2Þ�
dt2

� � ð16Þ

4. Global extreme of Gaussian field

If Xðt1; t2Þ is a homogeneous and isotropic Gaussian

field of zero mean, unit variance, and twice differenti-

able correlation function rðtÞ; and the function uðt1; t2Þ is

a constant u; we need the following limit results as t ! 0

P½Xðt1; t2Þ , u;Xðt1; t2 þ tÞ , u�

¼ FðuÞ2 þ
1

2p

ðrðtÞ

0
exp 2

u2

1 þ z

" #
dzffiffiffiffiffiffiffiffi

1 2 z2
p !FðuÞ

ð17Þ

which is obvious, and

›

›t

2F u

ffiffiffiffiffiffiffiffiffiffiffiffi
1 2 rðtÞ

1 þ rðtÞ

s !

FðuÞ2 þ
1

2p

ðrðtÞ

0
exp 2

u2

1 þ z

" #
dzffiffiffiffiffiffiffiffi

1 2 z2
p

0
BBBBB@

1
CCCCCA

!
gffiffiffiffi

2p
p

FðuÞ
u þ

wðuÞ

FðuÞ

� �
ð18Þ

where g ¼
ffiffiffiffiffiffiffiffiffi
2r00ð0Þ

p
: This result follows by use of the

l’Hospital rule observing that r0ðtÞ=
ffiffiffiffiffiffiffiffiffiffiffi
1 2 rðtÞ2

p
¼ ½r00ð0Þt þ

oðtÞ�=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½1 þ rðtÞ�½2r00ð0Þt2=2 þ oðt2Þ�

p
!2g as t ! 0:

Then Eq. (15) becomes

2
n

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ f 0ðt1Þ

2

q
2 f 0ðt1Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ g0ðt1Þ

2

q
þ g0ðt1Þ

� ��

2
ngffiffiffiffi
2p

p u þ
wðuÞ

FðuÞ

� �
½gðt1Þ2 f ðt1Þ�

�

	exp 2
n

FðuÞ
½gðt1 2 f ðt1Þ�

� �
ð19Þ

which together with Eq. (16) is substituted into Eq. (14).

We get

P{;t1 [ ½a; b�;t2 [ ½f ðt1Þ; gðt1Þ� : Xðt1; t2Þ , u}

< FðuÞexp

 
2

n

FðuÞ
½gðaÞ2 f ðaÞ�

!

	 exp

 
2
ðb

a

"
n

2FðuÞ2

 ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ f 0ðt1Þ

2

q
2 f 0ðt1Þ

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ g0ðt1Þ

2

q
þ g0ðt1Þ

!
þ

ngffiffiffiffi
2p

p
FðuÞ2

 
u þ

wðuÞ

FðuÞ

!

	½gðt1 2 f ðt1Þ�

#
dt1

!
ð20Þ

leading to the result

P½;ðt1; t2Þ [ V , R2 : Xðt1; t2Þ , u�

< FðuÞexp

 
2

1ffiffiffiffi
2p

p
wðuÞ

FðuÞ

"
1

2
gSðVÞ

þ
1ffiffiffiffi
2p

p

 
u þ

wðuÞ

FðuÞ

!
g2AðVÞ

#!
ð21Þ

where SðVÞ is the length of the boundary of V and AðVÞ is

the area of V: It is seen that the result is independent of the

coordinate system. It is easy to see that Eq. (21) is obtained

also if V has internal boundaries. All that is needed is to set

the mean upcrossing rate to zero when integrating through a

hole, and to apply the same kind of boundary conditions as

above on each side of the hole. Thus, SðVÞ is the total length

of the external boundary together with the internal

boundaries of V: In particular, the formula coincides with

Eq. (12) (case a ¼ 0) if V is equal to its boundary.

Fig. 1. The four different types of strips for integration in the direction of the

t2-axis.
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If the isotropy condition is removed but the homogeneity

condition is preserved we have two arguments in the

correlation function in stead of one. Then, the coordinate

system independence of the result is not obtained because

the factor g2 on AðVÞ becomes replaced by the productffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r;11ð0; 0Þr;22ð0; 0Þ

p
; which is not an invariant. However, if

the coordinate system axes are coincident with the principal

curvature directions of the covariance function at (0,0), the

product r;11ð0; 0Þr;22ð0; 0Þ is an invariant, namely the

determinant of the curvature tensor r;ijð0; 0Þ: For an

inhomogeneous Gaussian field we have four arguments in

the correlation function. Then, the general rule is obviously

that the approximation function should be calculated in the

curvilinear orthogonal coordinate system defined by the

trajectories of the principal directions of the curvature

tensor

›2

›t1›t2
rðt1; t2; t1 þ t1; t2 þ t2Þ

" #
ðt1;t2Þ¼ð0;0Þ

:

The goodness of the approximation can be judged by

comparisons with results of simulation studies. Several

approximation formulas based on Eq. (6) have been

compared to simulation estimates of the considered

probabilities for wide band types of smooth Gaussian

processes and fields [3]. For such processes and fields, the

formulas give quite good results. In Ref. [3], formula (21)

was only obtained for a rectangle. Some further simulation

tests are presented for circular and elliptical domains in

Appendix A.

The generalization to an arbitrary domain V is new.

However, there is an asymptotic result for a homogeneous

Gaussian field and large u reported in the literature. To

explain this result it is sufficient to keep with the

homogeneous and isotropic Gaussian field (otherwise

apply an affinity mapping to the ðt1; t2Þ-plane) of zero

mean and unit variance. It is known that the mean number of

local maxima above level u is g2uwðuÞ=ð2pÞ asymptotically

for large u [4]. This result and a Poisson point field

assumption for the occurrence of the local maxima to derive

Eq. (10) are used in Ref. [5] to construct the asymptotic

formula

P½;ðt1; t2Þ [ V , R2 : Xðt1; t2Þ , u�

< FðuÞexp 2
1ffiffiffiffi
2p

p
wðuÞ

FðuÞ

1

2
gSðVÞ þ

1ffiffiffiffi
2p

p ug2AðVÞ

� �� �
ð22Þ

The factor 1/2 in the boundary contribution term is chosen

by the argument that within a narrow strip along the

boundary, half of the local maxima will be inside the

boundary in the mean, and therefore already be included in

the area contribution. Formula (21) deviates from Eq. (22)

by the term wðuÞ=FðuÞ added to u: The relative contribution

from this term is negligible for large positive values of u and

small even for small positive values of u: However, the term

is important for negative values of u (for which Eq. (22) on

the basis of its derivation is not expected to be a good

approximation, of course). For u , 0; the area term in

Eq. (22) is in obvious conflict with the fact that the

approximated probability must decrease with increasing

area AðVÞ: Since u þ wðuÞ=FðuÞ . 0 for all u; this defect is

not present in Eq. (21). In fact, Eq. (21) is a distribution

function in u ranging from 0 to 1, while Eq. (22) is not a

distribution function, because the right side of Eq. (22)

decreases for increasing u when u is sufficiently far out in

the negative tail.

5. Particular example of inhomogeneous Gaussian field

and non-constant crossing level

For the application to the material strength problem

analyzed in this section, we need a solution to the following

problem. Assume that Xðs; tÞ is a Gaussian random field of

mean 0, variance 1, which is homogeneous in the direction

of s and has a twice differentiable correlation function of the

form Cov½Xð0; tÞ;Xðs; tþ tÞ� ¼ r1ðsÞr2ðt; tÞ: Then, for

uðs; tÞ ¼ uðtÞ ¼ constant in the direction of s; formulas

(14)–(16) give the result

P{;ðt1; t2Þ [ ½0; s� £ ½0; t� : Xðt1; t2Þ , uðt2Þ}

< F½uð0Þ�exp 2g1s
w½uð0Þ�ffiffiffiffi

2p
p

F½uð0Þ�

 !

	 exp
ðt

0
2g2ðtÞw

u0ðtÞ

g2ðtÞ

� �
þ u0ðtÞF 2

u0ðtÞ

g2ðtÞ

� �� ��

	
w½uðtÞ�

F½uðtÞ�
1 þ g1s

w½uðtÞ�

F½uðtÞ�
þ uðtÞ

� �� �
dt

�
ð23Þ

where g1 ¼
ffiffiffiffiffiffiffiffiffi
2r001ð0Þ

p
; g2ðtÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2r2;11ð0; tÞ

p
:

5.1. Application to concrete rupture stress data

A series of test results for bending rupture of plain

concrete beams of square cross-section and four different

widths b ¼ 6; 9, 12, 18 in. was obtained by Lindner and

Sprague and is published in Ref. [6] as test series I (see

Appendix B). The beam span was three times the beam

width. Each beam was simply supported and subject to

equal loads at the third points, uniformly distributed over the

width of the beam, Fig. 2 (left). Corresponding to the load at

rupture, the rupture stress was defined as the maximal

tension stress calculated from simple beam theory with

linear stress variation over the cross-section. Thus, this

maximal tension stress is constant within the b £ b square of

the beam surface between the two vertical planes of the

loads. Assuming that brittle fracture starts out from a point

of this square, a statistical size effect on the rupture stress

will be observed only if there is a random variation of the

tensile strength over the square. Since the test results show a

clear size effect, it is plausible to assume that the tensile

strength in the direction of the beam axis can be modeled as
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the sum of a random strength, constant over the square, and

a homogeneous random field of zero mean. In the following

statistical analysis, it is assumed that the random field is a

suitably smooth Gaussian field. Such smoothness is

consistent with the assumption that a small crack only will

develop into a fast growing large crack if some local

average of a possibly strongly fluctuating micro-stress field

exceeds a critical local value defined by the smooth

Gaussian field.

There is evidence in the data that a random variable

should be added to the random field. In fact, each set of four

beams of different size was cast as companions from the

same concrete mix. This introduces correlation between the

rupture stresses for the different sized beams. From the data

(test series I) correlation coefficients as large as 0.90–0.95

are estimated. This phenomenon can be modeled by a

hierarchical model of the form

Zi ¼ mþ Y þ s min Xiðs; tÞ

where m;s are constants, Z1; Z2; Z3; Z4 are the random

rupture stresses for the four beam sizes, respectively, Xiðs; tÞ

are the random fields of zero mean and unit standard

deviation all assumed to be isotropic with the same

correlation length parameter g; mutually independent and

independent of the random variable Y : The minimum is

taken over the square of maximal tension stress. It follows

that Var½Y� ¼ Cov½Zi;Zj� for all i – j: Estimating from the

data gives the standard deviation D½Y� < 69 psi:

Thus

E½Z1�2 E½Z2� ¼ ½f ð3; gÞ2 f ð2; gÞ�s

E½Z1�2 E½Z3� ¼ ½f ð4; gÞ2 f ð2; gÞ�s

E½Z1�2 E½Z4� ¼ ½f ð6; gÞ2 f ð2; gÞ�s

where f ð2; gÞ; f ð3; gÞ; f ð4; gÞ; and f ð6; gÞ are the expec-

tations of the maximum of the Gaussian field over squares of

side length b ¼ 6; 9, 12, 18 in., respectively. By eliminating

s; the two equations

E½Z1�2 E½Z3�

E½Z1�2 E½Z2�
¼

f ð4;gÞ2 f ð2; gÞ

f ð3;gÞ2 f ð2; gÞ
;

E½Z1�2 E½Z4�

E½Z1�2 E½Z2�
¼

f ð6;gÞ2 f ð2; gÞ

f ð3;gÞ2 f ð2; gÞ

ð24Þ

are obtained. With the left hand sides assigned values that

are consistent with the model, these two equations are

identical, of course. If the mean values are replaced by the

averages of the observations there are no solutions because

the left hand sides of both equations turn out to be smaller

than the minimal values of the right hand sides. These

minimal values are taken for both expressions almost

at the same value of g well approximated by the value

g ¼ 1:00 in:21: By using a principle of making the smallest

possible additive corrections to the averages in the left hand

sides (in the sense of suitably weighted Euclidean distance)

to satisfy the equations for g ¼ 1:00 in:21; corrections of the

order of the statistical uncertainty of the average estimates

are obtained. In fact, the estimates are corrected from

the averages 650, 592, 572, 550 psi to the estimates

E½Z1� < 640; E½Z2� < 600; E½Z3� < 575; E½Z4� < 542 psi;

respectively. Thereafter, the estimates of s < 108 psi and

m < 874 psi are readily obtained from the previous

equations.

The distribution functions shown in Fig. 3 (left) are

obtained for Z1; Z2; Z3; Z4 by a convolution operation

assuming that the Y is Gaussian and that 2min Xiðs; tÞ ¼

max Xiðs; tÞ has the distribution function (15) with g1 ¼

g2 ¼ g from which the expectations f ð2; gÞ; f ð3; gÞ; f ð4; gÞ;

f ð6; gÞ were obtained by integration from 0 to 1 with

respect to u: It is seen that a quite good fit is obtained by

the proposed random field model. Interestingly, the test

beams were cast from pavement concrete using a medium

grade 1-in. max sized manufactured aggregate, that is,

with a maximal aggregate size approximately equal to

the correlation length g21 obtained from the rupture

stress data.

Lindner and Sprague have also made a second test series

on the basis of the same concrete mix recipe. This series II

solely consists of b ¼ 6 and 9 in wide beams in

companions of four beams, two of each size and of length

3b: For each set of companion beams and for each beam

width a test with two equal loads at the third points and a

test with central loading was made, Fig. 2 (right). In the

case of third-point loading, the same distribution of the

rupture stress as in test series I should apply. In Fig. 3

(right, top) the empirical distributions for third-point

loading are plotted together with the corresponding

distribution functions from Fig. 3 (left). It is seen that the

size effect prediction holds in the mean. However,

whatever is the reason, for the 9 in beams the standard

Fig. 2. Concrete beams as tested by Lindner and Sprague. Third-point

loading (left) and center-point loading (right) with corresponding idealized

variation of the along beam tensile stress in the bottom surface.
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deviation of the empirical results is considerably smaller

than for the 9 in beams in test series I.

To compare the obtained field model with the test results

for central loading, formula (14) is applied with uðtÞ ¼

ðY 2 2xt=LÞ=s for 0 # t # L=2 and uðtÞ ¼ ðY 2 2xðL 2 tÞ=

LÞ=s for t # L=2 # L where L ¼ 3b: For g2ðtÞ ¼ g1 ¼ g

this gives the conditional distribution function

FZðxlYÞ < 1 2FðjÞ
FðjÞ

FðhÞ

� �A

	 exp 2gbð1 þ AÞ
wðjÞffiffiffiffi

2p
p

FðjÞ

 ! ð25Þ

A ¼
3bg

h2 j
w

2ðh2 jÞ

3bg

� �
2 2F 2

2ðh2 jÞ

3bg

� �
;

j ¼
Y 2 x

s
; h ¼

Y

s

ð26Þ

The comparison with the data is made in Fig. 3 (right,

bottom). The full curves correspond to the parameters

estimated from test series I. The mean size effect is very

well predicted and for the case of the 6 in beams also the

distribution function fits fairly well. As for the third-point

loading case, the standard deviation of the data sample for the

9 in beams is considerably smaller than predicted. The dotted

curves are obtained by setting the variance of the random

variable part Y of the rupture strength field to zero, keeping

the values of all other parameters as before. As it should be

expected this has negligible influence on the mean size effect,

while the standard deviation is decreased. The estimate of

the variance of Y obtained directly from series II is not zero,

but somewhat smaller than that of series I.

6. Conclusions

By a probability functional equation analysis of the level

crossing problem for processes and fields, an explicit

formula system for a distribution function class is derived.

The distributions of the class approximate the distribution

functions of globally extreme values. In particular, a simple

formula is obtained for the distribution function that aims at

approximating the exact distribution function of the global

maximal value within a given domain V of a two-

dimensional Gaussian random field. Simulation tests show

that the approximation is surprisingly good for so-called

broken line fields with smooth sample surfaces. More

generally these cases of good fits combined with experi-

ences from earlier studies make it reasonable to conjecture

that the good fits follow with the property of smoothness of

the field and the absence of clustering of the level curves on

the sample surfaces.

A random field is applied to model the variation of

rupture strength of concrete over the most stressed regions

of beams in bending. Beam rupture data reported in the

literature are analysed by the distribution model derived

herein resulting in reasonable fits that explain the size

effect on the beam rupture strength. The estimations are

made on the basis of one series of beam tests, and the

estimated model is applied to predict the distribution

results of another test series. Rather good predictions are

obtained. Among the parameters, an estimate of the

correlation length scale g21 of the rupture stress field is

obtained. It turns out to be of size as the size of the

maximal gravel aggregate in the concrete.

Fig. 3. Left four diagrams: field model distribution functions of rupture stress for third-point loading fitted to the shown series I data distributions. Right four

diagrams: distribution functions (full curves) for both third-point loading and center-point loading for the same parameter values as in the left four diagrams

compared to the series II data distributions. The dashed curves are for the variance set to zero of the random variable part of the field model and all other

parameter values kept unchanged.
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Appendix A

Appendix A.1. Broken line field

Following Ref. [3], a two-dimensional random field

Bðs; tÞ; denoted as a unit broken line field, is defined by

subdividing the plane into a square mesh of width 1, parallel

shifting the mesh at random by a vector ðU1;U2Þ uniformly

distributed over the square [0,1] £ [0,1], and assigning i.i.d.

random variables Ym;n of zero mean and variance 9/4 to the

nodes ðm; nÞ of the mesh, one for each node. Then

Bðs; tÞ ¼ Ym;n þ ðs þ U1 2 ½s þ U1�ÞðYmþ1;n 2 Ym;nÞ

þ ðt þ U2 2 ½t þ U2�ÞðYm;nþ1 2 Ym;nÞ

þ ðs þ U1 2 ½s þ U1�Þðt þ U2 2 ½t þ U2�Þ

	 ðYmþ1;nþ1 2 Ymþ1;n 2 Ym;nþ1 þ Ym;nÞ

for

ðs þ U1; t þ U2Þ [ ½m;m þ 1� £ ½n; n þ 1�;

ðm; nÞ [ Z2
ðA1Þ

where ½·� means integer part. A way to obtain the covariance

function of Xðs; tÞ is first to obtain the covariance function of

the mixed 2nd order derivative process Zðs; tÞ ¼ ›2=›s

›t½Bðs; tÞ�: Conditional on ðU1;U2Þ any pair ½Zðs1; t1Þ;

Zðs2; t2Þ� has the same distribution as the pair

½Zð0; 0Þ;Zðs; tÞ� where

Zð0; 0Þ ¼ Y11 2 Y10 2 Y01 þ Y11

Zðs; tÞ ¼ ðYmþ1;nþ1 2 Ymþ1;n 2 Ym;nþ1 þ Ym;nÞ·I{ðs; tÞ

[ ½m 2 U1;m þ 1 2 U1� £ ½n 2 U2; n þ 1 2 U2�};

ðm; nÞ [ Z2 ðA2Þ

in which Ið·Þ is the indicator function, and ðs; tÞ ¼

ðs2 2 s1; t2 2 t1Þ: Assume that s $ 0 and t $ 0: The

conditional mean of the product Zð0; 0ÞZðs; tÞ is zero for

m . 2 or n . 2; obviously. Otherwise

E½Zð0; 0ÞZðs; tÞlU1;U2�

¼ E½ðY11 2 Y10 2 Y01 þ Y00Þ
2�I{ðs; tÞ

[ ½0; 1 2 U1� £ ½0; 1 2 U2�} þ E½ðY11 2 Y10 2 Y01

þ Y00ÞðY21 2 Y20 2 Y11 þ Y10Þ�·I{ðs; tÞ

[ ½1 2 U1; 2 2 U1� £ ½0; 1 2 U2�} þ E½ðY11 2 Y10

2 Y01 þ Y00ÞðY12 2 Y11 2 Y02 þ Y01Þ�·I{ðs; tÞ

[ ½0; 1 2 U1� £ ½1 2 U2; 2 2 U2�} þ E½ðY11 2 Y10

2 Y01 þ Y00ÞðY22 2 Y21 2 Y12 þ Y11Þ�·I{ðs; tÞ

[ ½1 2 U1; 2 2 U1� £ ½1 2 U2; 2 2 U2�}

¼ 9=4{4I{ðs; tÞ

[ ½0; 1 2 U1� £ ½0; 1 2 U2�} 2 2I{ðs; tÞ

[ ½1 2 U1; 2 2 U1� £ ½0; 1 2 U2�} 2 2I{ðs; tÞ

[ ½0; 1 2 U1� £ ½1 2 U2; 2 2 U2�} þ I{ðs; tÞ

[ ½1 2 U1; 2 2 U1� £ ½1 2 U2; 2 2 U2�}} ðA3Þ

Unconditioning then gives

E½Zð0;0ÞZðs;tÞ�¼9=4{4Pð0,U1,12sÞPð0,U2,12tÞ

22Pð12s,U1,22sÞPð0,U2,12tÞ

22Pð0,U1,12sÞPð12t,U2,22tÞ

þPð12s,U1,22sÞ

	Pð12t,U2,22tÞ}

¼9=4{I{ðs;tÞ[½0;1�£½0;1�}½4ð12sÞð12tÞ

22sð12tÞ22ð12sÞtþst�þI{ðs;tÞ

[½1;2�£½0;1�}½22ð22sÞð12tÞ

þð22sÞt�þI{ðs;tÞ[½0;1�£½1;2�}

	½22ð12sÞð22tÞþsð22tÞ�þI{ðs;tÞ

[½1;2�£½1;2�}ð22sÞð22tÞ}¼9=4{I{ðs;tÞ

[½0;1�£½0;1�}½426ðsþtÞþ9st�þI{ðs;tÞ

[½1;2�£½0;1�}ð24þ2sþ6t23stÞ

þI{ðs;tÞ[½0;1�£½1;2�}

	ð24þ6sþ2t23stÞþI{ðs;tÞ[½1;2�

£½1;2�}½422ðsþtÞþst�} ðA4Þ

Since

E½Zð0;0ÞZðs;tÞ�¼E
›2

›s1›t1

Bðs1;t1Þ
›2

›s2›t2

Bðs2;t2Þ

" #

¼
›4

›s1›t1›s2›t2
E½Bðs1;t1ÞBðs2;t2Þ�

¼
›4

›s2›t2
E½Bð0;0ÞBðs;tÞ� ðA5Þ

the covariance function cðs;tÞ¼E½Bð0;0ÞBðs;tÞ� can be

obtained by two times integration of E½Zð0;0ÞZðs;tÞ� with

respect to t under use of the boundary conditions ;s[Rþ :

›3cðs;0Þ=›s2›t¼0 and ;s[Rþ : ›
2cðs;2Þ=›s2¼0; followed

by two times integration with respect to t by use of the

boundary conditions ;t[Rþ : ›cð0;tÞ=›s¼0 and ;t[Rþ :

cð2;tÞ¼0: Moreover requirements of continuity of the

solution and its partial derivatives up to order three are

used. Lengthy symbol manipulations lead to the result.
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For all ðs;tÞ[R2
þ we have

E½Bð0;0ÞBðs;tÞ�¼I{ðs;tÞ

[½0;1�£½0;1�}·
1

16
½16224ðs2þt2Þþ12ðs3þt3Þ

þ36s2t2218ðs3t2þs2t3Þþ9s3t3�þI{ðs;tÞ

[½1;2�£½0;1�}·
1

16
½32248sþ24s2248t224s3

þ24t3þ72st2236st3236s2t2þ6s3t2

þ18s2t323s3t3�þI{ðs;tÞ

[½0;1�£½1;2�}·
1

16
½32248t248s2þ24t2

þ24s324t3þ72s2t236s3t236s2t2

þ6s2t3þ18s3t223s3t3�þI{ðs;tÞ

[½1;2�£½1;2�}·
1

16
½64296ðsþtÞþ144stþ48ðs2þt2Þ

28ðs3þt3Þ272ðs2tþst2Þþ12ðs3tþst3Þ

þ36s2t226ðs3t2þs2t3Þþs3t3� ðA6Þ

Symmetry properties give the extension to all ðs;tÞ[R2

as E½Bð0;0ÞBðs;tÞ�¼E½Bð0;0ÞBðlsl;ltlÞ�:
It is seen that the variance of the unit broken line field is 1.

Moreover

›2c

›s2
ð0; 0Þ ¼

›2c

›t2
ð0; 0Þ ¼ 23 ðA7Þ

Consider now N independent unit broken line fields

B1ðs; tÞ;…;BNðs; tÞ and define the zero mean random field

Xðs; tÞ ¼

ffiffiffiffiffiffiffiffiffiffi
1 2 q

1 2 qN

s XN
i¼1

ffiffiffiffiffiffi
qi21

q
Bi

s

qi21
;

t

qi21

� �
ðA8Þ

where 0 , q , 1 is a given constant. It is directly verified

that the variance is 1 and the correlation function is

E½Xð0; 0ÞXðs; tÞ� ¼
1 2 q

1 2 qN

XN
i¼1

qi21c
s

qi21
;

t

qi21

� �
ðA9Þ

with

›2

›s2
E½Xð0; 0ÞXðs; tÞ�ðs;tÞ¼ð0;0Þ

¼
›2

›t2
E½Xð0; 0ÞXðs; tÞ�ðs;tÞ¼ð0;0Þ

¼ 23
1 2 q

1 2 qN

XN
i¼1

1

qi21
¼ 2

3

qN21
ðA10Þ

This field Xðs; tÞ may suitably denoted as a broken line Hino

field of quotient q and term number N: It is a generalization of

a process suggested in Ref. [7] for turbulence simulation

studies. Hino defined the one-dimensional process XðtÞ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:5=ð120:5NÞ

p PN
i¼1

ffiffiffiffiffiffiffiffi
0:5i21

p
Siðt=0:5

i21Þ;where S1ðtÞ;…;SNðtÞ

are independent step processes of the type SðtÞ¼Ym for tþU[
½m;mþ1�; m[Z:

Fig. A1 shows examples of sample surfaces of the

broken line Hino field Xðs; tÞ for q ¼ 1; 0.9,0.8 and N ¼ 15

with standard Gaussian Y-variables. The field is not

Gaussian but it is a good approximation to a Gaussian

field because of the addition of several independent

processes of not too deviating standard deviations (the

central limit theorem argument) and further improved by

letting the Y-variables be Gaussian. The field is homo-

geneous but not isotropic. However, since the second order

Taylor expansion of the correlation function at the origin is

rotation symmetric about the origin it can be stated that the

field is locally isotropic. The figures to the right in Fig. A1

show the correlation functions in the first quadrant for the

three cases.

It is seen that the smoothness of the sample surfaces

decreases as the quotient q decreases. This is in accordance

with the increasing absolute value of the second partial

derivatives with respect to s or with respect to t of the

correlation function at the origin for decreasing q:

The broken line Hino field is well suited to model natural

random variations of important parameters related to soils

and building materials. In particular, the smooth versions

obtained for large values of the quotient q are convenient

modeling candidates when considering that the relevant

material parameters for structural analysis applications

often are related to local weighted averages over more or

less extended windows in dependence of the applied

measuring device. This philosophy is applied for the choice

of the rupture strength field model in Section 5.1.

Appendix A.2. Simulation test of the approximation

formula (22)

The approximation formulas for the extreme value

distributions derived in this paper are not expected to give

accurate results when the sample surfaces are too wrinkled

because of the clustering of the crossing curves through

any given level. This has been confirmed for the

corresponding process cases in Ref. [2], in which

corrections based on Slepian modeling are successfully

introduced. Herein, the simulation tests of the applicability

of Eq. (22) on circular and elliptical domains V are made

with the smooth broken line Hino field of quotient q ¼ 0:9

and term number N ¼ 15: Fig. A2 shows convincingly

good fits of Eq. (22) to the empirical distribution functions

obtained for a circular domain of radius 1 and an elliptical

domain with major axis 6 and minor axis 1/6, that is, an

ellipse of the same area as the circle. The effect of the

longer circumference of the ellipse is quite distinct.

Further, a circular domain of radius 4 is considered

together with an elliptical domain of major axis 24 and

minor axis 1/3, that is, again two domains of the same area.

In this case there is only a small effect of the longer

circumference because in this case the 16 times larger area

gives the dominating effect noting that the correlation scale

is of the order of 1ðg < 1:44Þ:
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Appendix B. Concrete strength data by Lindner

and Sprague

The following strength data are taken from Ref. [6]. The

data are plain concrete beam strengths for third-point

loading (test series I) and for center versus third-point

loading (test series II). A dash indicates that ‘no measure-

ment’ was made. First row labels the cross-section (square)

dimension in inches. The strength values are measured in

psi. Rows correspond to companion test beams.

Fig. A1. Sample surfaces of the broken line Hino field (A9) for standard Gaussian Y-variables and q ¼ 1; 0.9,0.8 (left) and the corresponding correlation

functions (right).
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Test series I

(third-point loading)

Test series II

Third-point

loading

Center-

point

loading

6-in. 9-in. 12-in. 18-in. 6-in. 9-in. 6-in. 9-in.

620 552 481 505 708 600 783 685

595 549 558 – 704 614 791 681

595 540 492 – 712 607 787 683

550 513 478 466 675 631 755 709

540 495 70 – 685 580 757 676

555 523 498 – 580 586 725 678

535 495 – – 600 570 735 655

– 542 – – 590 584 – 665

– 487 – – 660 631 811 709

655 595 579 565 699 573 704 629

648 595 577 545 606 592 609 725

682 600 640 – 587 587 725 671

(continued)

Test series I

(third-point loading)

Test series II

Third-point

loading

Center-

point

loading

6-in. 9-in. 12-in. 18-in. 6-in. 9-in. 6-in. 9-in.

– 625 – – 592 567 636 648

– 600 – – 590 – – –

798 717 708 660 745 590 880 650

805 703 670 – 665 610 750 700

735 699 707 – 715 620 730 700

– 722 – –

665 615 578 556

670 550 570 570

685 615 573 –

– 655 – –

– 637 – –

718 595 575 535

Fig. A2. Comparison of the distribution function (22) (smooth curve) with the empirical distribution functions for maxV{Xðs; tÞ} and maxV{ 2 Xðs; tÞ} for the

indicated circular and elliptical domains V: The empirical results are from simulations of the broken line Hino field of quotient q ¼ 0:9 and number of terms

N ¼ 15 with standard Gaussian Y-variables. Sample size ¼ 200.
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