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Derivation of the equilibrium equations (3) to (5) in the paper
The shear stress along the rupture line BCDE in the rupture figure in Figure 2 is
the cohesion shear stress c (= c u ). The normal stresses are obtained by use of Kötter’s
equilibrium equation for the stresses in a rupture line in pure weightless cohesion soil.
Kötter’s equation implies that the normal stress to a circular rupture line on top of
a constant normal stress varies along the circle in the opposite direction of the shear
stress c proportional to the clockwise tangent rotation with proportionality constant 2c .
Thus the normal stress is constant along a straight rupture line.
The statically correct angle between a rupture line and a stress free surface is π/4
(as in the right end point E of the considered rupture figure), and the normal stress
in this point is c . Thus the normal stress on the straight rupture line from D to E is
equal to c . Consequently the normal stress decreases linearly with arch length from
c(1+θ +π/2) at C to c at D on the circle from C to D. Finally it follows that the normal
stress on the circle from B to C increases linearly with arch length from c(1 + π/2) at
B to c(1 + θ + π/2) at C.
By taking moment about P of the external stresses on the part of the rupture figure
situated to the right of the straight line from C to P it follows hereafter by equilibrium
that the constant normal stress on the straight rupture line from C to P is c(2θ+1+π/2).
Finally the equations (3) to (5) in the paper follows by equilibrium of the rigid body
BCP.
The special case b = 2a gives the limit θ = 0, Rθ = R tan θ = b , H = cb , V =
cb(1 + π/2). It is noted that the presence of the horizontal load H = cb makes the
vertical carrying capacity V half the known solution V = cb(2 + π) valid for H = 0.
This solution cannot be obtained as a limit result from the considered rupture figure.
The relevant rupture figure consists of a radial zone as considered here but with θ = π/4
and a triangular rigid body on each side of the radial zone.
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Derivation of the plastic dissipation in the rupture figure
The plastic dissipation corresponds to clockwise rotation about point O. In the
rupture circle BC it is directly obtained as cR 2 θ . In the circle CD it is cRr (θ + π/4)
and in the straight line DE it is cRr . For the outer surface of the rupture figure this
sums up to
cR 2 [θ + (θ + 1 + π/4)r /R]

(1)

In the radial rupture zone the total radial shear strain rate is 1 (absolute value of gradient
along radius vector of the given velocity field orthogonal to the radius vector) and the
total tangential shear strain rate is (R + r − ρ)/ρ at the polar position (ρ, α) with pole
at P. The corresponding normal strain rates are zero everywhere. Thus the plastic
dissipation in the radial zone is
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In the Rankine zone PDE the total shear strain rate is 1 (derived as in the radial zone)
implying that the dissipation becomes c times the area of the zone, that is, cr 2 /2.
Consequently the total plastic dissipation is
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Thus Eq. (6) in the paper follows from the balance We = Wd .
Remark on the interpretation of the lower and upper bound theorems in relation
to rupture figures
It is obvious that a given safe stress distribution within a rupture figure and in equilibrium with the external forces cannot necessarily be extended to a safe equilibrium
stress distribution in the entire soil body. However, an inspection of the proofs of the
limit theorems reveals that they are valid within a given rupture figure. Therefore it
would be more correct in soil mechanics to say that because the static solution (3) to
(5) in the paper satisfies the equation We = Wd for the considered rupture figure, the
solution is exact within the considered rupture figure.
Variation of the parameters R and θ
Assume that a carrying capacity analysis is made solely on the basis of the identity
We = Wd for the considered failure figure. For given V , H and a it is then natural to
look for the values of the free parameters R and θ for which there is minimal carrying
capacity as expressed by the needed largest cohesion stress c . Extremum is obtained
from the conditions
∂c
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which are tantamount to the conditions
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as it directly follows from the fact that We is independent of c and Wd is directly
proportional to c , (see Eq. (6) in the paper).
These conditions together with We = Wd lead to the equations (7) to (9) in the
paper. These equations are different from the static equations (3) to (5) in the paper.
Moreover, for given H /V , a and V they lead to a value of c that is larger than the value
of c obtained from the static equations. Thus the upper bound theorem is violated, so
where is the error? The error comes from the neglect of the plastic dissipation in the
lift off line from B to B’. This dissipation is zero for B and B’ coincident but the partial
derivatives are different from zero. The correct plastic dissipation reads (see Appendix
2 of the paper)
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where bmax is the width of the physical footing and b = R tan θ . Even though the
footing moves upward to the left of the point B, there are both shear and compression
normal stresses along the lift up line as a consequence of the associated flow rule (see
Figure 1 top). Thus the soil material glues to the foundation without separation taking
place.
Even though such behavior may be judged to make the chosen plastic model physically unrealistic, it might be reasonable to adopt the plastic model behavior in a neighborhood of the crack tip. For bmax − b ↓ 0 we may then replace the integral term by
c(b max − b)R = c(b max − R tan θ)R obtained by first order Taylor expansion. With this
correction the conditions (5) together with (6) in the paper give equations that are identical to the static equations.
Some conclusions
For fixed a and ratio H /V > 0 the static solution (3) to (5) of the paper uniquely
determines the rupture figure and the ratio V /c .
Under the same conditions there is an infinity of kinematic admissible solutions
determined by the work equation (6) in the paper. Both the angle θ and the radius R
may be chosen freely as positive functions H /V > 0. Then substitution into the work
equation (6) gives
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For the particular functions R VH and θ VH determined by the static equations (3) to
(5) of the paper, this equation gives the same value of V /c as obtained from (3) of the
paper. If the upper bound theorem is valid, ¡V /c¢ will be
or equal to the static
¡ H larger
¢
H
value for any other choice of the functions R V and θ V . However, the choice corresponding to the equations (7) to (9) gives a value less than the static value. Thus the
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upper bound theorem is not not valid. This statement is true because it it not required
for the validity of the limit theorems that the rupture figure corresponding to the static
solution is the same as the rupture figure corresponding to the kinematic solution. The
set of all rupture figures of the specified geometric form defines a consistent system
within which the limit theorems are valid if separation does not take place in the rupture lines. This is analogous to the property of the plastic yield hinge model in frame
structures. As long as the hinges possess full rotation capacity the limit theorems are
valid.
The reason for the demonstrated invalidity of the upper bound theorem in the
present example is that the boundary of the plastic body is not fixed. To make the
modeling consistent with the yield condition (the part of it defined by (σ−c)2 +τ2 = c 2
for σ ≤ c ) and the associated flow rule, a rupture line from the left edge of the footing
to the point B should be included in the rupture figure. Then the upper bound theorem
is necessarily valid and the work equation gets the form as determined by the plastic
dissipation (6) above. However, by including this rupture line the static solution should
be modified by including the stresses (see Figure 1a) that acts upwards on the footing
in this rupture line. It is not easy to determine these stresses from Kötter’s equation
that becomes complicated as a consequence of the nonlinear relation between σ and τ
in the rupture line. Possibly there is a stress discontinuity at B when passing along the
rupture line from the left of B to the right of B. Otherwise Kötter’s equation should be
changed to correspond to the circular part of the yield condition in an unknown part of
the circular rupture line in a neighborhood of B.
The problem is avoided by deeming the plastic theory as unrealistic when applied
over the entire length of the rupture line to the left of B. A reasonable model is obtained
if bmax is chosen as the unique value of b obtained from (3) to (5) in the paper for H /V
given. For the upper bound theorem to be valid the plastic dissipation part of the work
equation must contain the integral term written out in the above expression (6).
In case of inhomogeneous soil the static solution cannot be easily obtained by
Kötter’s equation. However, the kinematic upper bound method is still applicable
through the iterative procedure indicated in Section 2 of the paper.
Misprint in the paper
Eq. (13) should read
p
∂
Wd (B B 0 ) = c u [R − 2 (b − x)2 + R 2 + 2(b − x)] → −c u R
∂x

as x → b .
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